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Abstract
This thesis attempts to test several frameworks of non-Newtonian gravity in the context of
galaxies and galaxy clusters. The theory most extensively discussed was that of Modified
Newtonian Dynamics (MOND) with Galileon gravity, Emergent Gravity (EG) and Modified
Gravity (MOG) mentioned to a lesser extent. Specifically, the main focus of this thesis was to
determine whether MOND and MOND-like theories were compatible with galaxy cluster data,
without the need to include cold dark matter. To do this, the paradigms of Extended MOND
(EMOND), Generalised MOND (GMOND) and superfluid dark matter were investigated. The
theories were outlined and applied to galaxy cluster data. The main findings of this were that
EMOND and GMOND had some success with explaining galaxy cluster mass profiles, without
requiring an additional dark matter component. The superfluid paradigm also enjoyed some
success in galaxy clusters, which was expected as it behaves in a similar manner to the standard
cold dark matter paradigm in cluster environments. However, the superfluid paradigm may
have issues in the very centre of galaxy clusters due to the theory predicting constant density
cores, whereas the cold dark matter paradigm predicts density cores which are cuspier.
The EMOND paradigm was also tested against ultra-diffuse galaxy (UDGs) data as they
appear in cluster environments, where EMOND becomes important. It was found that EMOND
can reproduce the inferred mass of the UDGs, assuming they lie on the fundamental manifold
(FM). The validity of the assumptions used to model the UDGs are discussed in the text.
A two-body problem was also conducted in the Galileon gravity framework. The amount
of additional gravitational force, compared to Newtonian was determined for a small galaxy
at the edge of a galaxy cluster.
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Introduction
1.1 Newtonian Gravity and the Dark Universe
Introduction to Gravity and Newtonian Physics
The quest to understand the composition of our Universe is one which is still very much on-
going. By observing our solar system, we see a vast range of different objects such as our Sun,
planets, moons, dust, asteroids and comets; which are made of materials understood from
atomic physics. Looking further afield, we see that stars make up galaxies and galaxies can
be part of larger systems called galaxy clusters. As astronomers, it is not enough to merely
identify astrophysical objects, but to understand the dynamics and formation of these objects
as well. At the root of both of these questions, there is one fundamental principle which must
be understood; gravity.
Gravity, simply put, is the force which arises as a result of an object’s mass. Compared to the
other fundamental forces of nature gravity is weak, but long ranged (like the electromagnetic
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force), making it important on astronomical scales. The amount of gravity produced by a mass
has been thought to be understood for centuries, with most of the credit due to Isaac Newton.
Newton’s gravitational law states that the gravitational strength, ag(r), is proportional to the
enclosed mass of a spherical object, M(r), and inversely proportional the distance squared a
test particle is from the object, r,
ag(r) =
GM(r)
r2
, (1.1)
where G is Newton’s gravitational constant (G ≈ 6.67×10−11 m3s−2kg−1). If this law is applied
to our solar system, assuming the Sun contains most of the mass and is a point particle, it is
possible to make predictions of how fast the planets orbit the sun. Newton’s law predicts
that planets farthest from the Sun will orbit at a slower velocity then those closer in and the
velocity will decrease with distance as v ∝ r−1/2. This is exactly what is seen. This simple
gravitational law is able to explain how the planets, asteroids and comets move around the
Sun and how moons move around their planets. A diagram of the solar system rotation curve
is given in Fig 1.1.
As astrophysics developed, our attention was moved further afield from the solar system to
the entire Milky Way. We know that the Sun, together with many other stars in our proximity,
orbit a common central point and form our galaxy. It is then only natural to apply Newton’s
law of gravity to the entire galaxy to predict how fast the stars are orbiting the central point.
What we expect from Newtonian physics is similar to the solar system case, the outermost stars
should orbit with a slower velocity than those closer to the centre, assuming they are outwith
the majority of the Milky Way mass. What was found in practice was quite different (e.g.
Bosma, 1981; Rubin et al., 1982). The rotation speed of stars did not decline, like Newton’s
law predicted, but rather stayed approximately constant. This is not unique to our galaxy. A
schematic of this is shown in Fig 1.2 where the line labelled A is the Newtonian prediction, a
rotation curve falling with radius, and the line labelled B is the observation1. The two lines
match in the central regions, but differ at larger radii. Therefore we have a disagreement
between theory and observation which needs to be reconciled.
1The rising part of the rotation curve in the centre is due to the fact that the enclosed mass is increasing. When
the enclosed mass is approximately constant, Newtonian physics predicts the decrease in velocity.
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Figure 1.1: Diagram showing the Solar system Keplarian rotation curve. Letters indicate position of
the planets in our solar system. Diagram shows that solar system can be described well by Newtonian
physics. Image taken from web source [1]. Credit:Penn State’s College of Earth and Mineral Sciences’
OER Initiative.
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Figure 1.2: Schematic of galaxy rotation curve as a function of radius. The solid line, labelled B, is
what is observed. The dashed line, labelled A, is what Newtonian gravity predicts given the visible
mass distribution. Image taken from web source [1]. Credit:Penn State’s College of Earth and Mineral
Sciences’ OER Initiative.
1.1.1 Cold Dark Matter
Realisation
It was shown in the previous section that Newtonian physics works well in our solar system
but has problems when extrapolated to scales across the entire galaxy. One fundamental as-
sumption had been made to reach this conclusion; that we have a full understanding of the
mass content of our galaxy. If there were some extra mass component, which was not visible
to us, the predicted Newtonian rotation curve would differ from that of line A in Fig. 1.2. This
additional mass component is commonly referred to as “dark matter”2. Dark matter is thought
to be a particle which only interacts gravitationally3 and its presence can explain why rotation
curves flatten in the outskirts of galaxies. Given this, a toy representation of what galaxies are
thought to look like is given in Fig. 1.3.
The so-called “dark matter halo" extends well beyond the radius of the outermost stars in
a galaxy and adds on to the predicted gravitational acceleration of the visible matter. Dark
2The term “dark matter” is accredited to Jan Oort after his work on stellar motions in the Milky Way and also to
Fritz Zwicky after analysing galaxy clusters.
3Some dark matter models also allow interaction via the weak force.
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Figure 1.3: Interpretation of what the Milky Way and other galaxies are thought to look like including
baryons and dark matter. Image taken from web source [2] credit: ESA.
matter should be present throughout the entire galaxy, but its effect is only noticeable when
the gravity from the visible matter weakens, hence why the Newtonian gravity from the stars
alone is insufficient far away from the Milky Way centre. Dark matter, in the form of a halo, is
thought to exist in all galaxies and plays a key role in galaxy formation, which will be discussed
later4.
Further Evidence
Besides rotation curves, there is further evidence hinting to the existence of dark matter. So far
planetary and galaxy scales have been discussed. If we move up a scale to clusters of galaxies,
the need for dark matter becomes apparent again. If the contributions of stars and intra-
cluster gas are taken into consideration, gravitational lensing and arguments of hydrostatic
equilibrium both predict an extra mass component, which could be explained by the presence
of dark matter.
To date, the most compelling evidence for the existence of dark matter is that of the Bullet
cluster (Clowe et al., 2006). The Bullet cluster is a system of two galaxy clusters which have
undergone a collision. As dark matter and baryonic matter have different properties, they
should behave differently during an interaction. The expectation is that as the dark matter
should be weakly interacting, compared to the gas which is affected by hydrodynamics, it
4Galaxies also have a central dark matter component in the form of super-massive black holes. This type of dark
matter is thought to be of baryonic origin and is thus different to that which is the topic of this thesis and will not
be discussed further.
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should be less affected by a collision. This causes the dark matter and gas to become offset
from each other and is exactly what is predicted by gravitational lensing observations of this
cluster (see Fig 1.4). In this scenario, the galaxies would follow the dark matter and become
offset from the gas. From this, one might arrive at the conclusion that if the contribution
of galaxies vastly exceeds the gas, then the lensing signature of the bullet cluster could be
explained without dark matter. However, from our understanding of galaxy cluster formation,
the main contribution to the baryons in galaxy clusters is the gas. The bullet cluster lensing
measurements suggest a much larger offset mass than is expected to be available in the form
of galaxies, thus there is a requirement for a dark matter component.
Figure 1.4: Interpretation of the bullet cluster highlighting the separation of dark matter and gas. Im-
age taken from web source [3]. Image combines information of the X-ray data(Markevitch, 2006), lens-
ing map and optical (Clowe et al., 2006). Credit for composite image goes to National Aeronautics and
Space Administration (NASA)/Chandra X-Ray Observatory (CXC)/Center for Astrophysics (CfA)/Space
telescope Science Institute (StSci)/European Organisation for Astronomical Research (ESO)/Wild Field
Imager (WFI)/Magellan/U.Arizona.
Another argument for dark matter is called the Local Group timing argument (e.g. Peebles,
1989). The local group is the name given to the galaxies within the vicinity of the Milky Way
and Andromeda. It was noticed that the Milky Way and Andromeda are in fact moving towards
each other (Kahn & Woltjer, 1959). The Universe is thought to be expanding (see Sec 1.2.4)
and thus most galaxies in the Universe are observed to be moving away from us. It was
concluded that the amount of gravitational attraction between the Milky Way and Anromeda
to cause the observed relative velocity requires more mass under Newton’s law of gravity than
was available from the stellar component alone, thus meaning there should be an additional
mass source. Since then it has been concluded that, in a Newtonian framework, the only way
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in which the dynamics can be viably explained is by invoking dark matter (Kahn & Woltjer,
1959).
What is the Dark Matter?
The exact nature of the dark matter particles is, as of yet, unknown. However, the desired
properties are more constrained. It has already been mentioned that the dark matter should
be weakly interacting with baryonic matter aside from the gravitational effects. Further to this,
the dark matter should be able to clump and form galaxies, which is where the “cold" in cold
dark matter plays an important role. There are three categories of dark matter, cold, warm and
hot. These do not refer to the temperature of the particles but rather the speed at which they
free-stream at the time which they decouple. At this early time in the Universe, what is referred
to as “cold" dark matter is that which travelled very slowly compared to the speed of light, “hot"
dark matter refers to dark matter which travelled at relativistic speeds and “warm" dark matter
is something in-between hot and cold dark matter. As hot dark matter travelled very fast, it
was not able to form galaxies due to the escape velocity of galaxies being slower than the
particle’s speed. The preferred nature of the dark matter governing the flat rotation curves
of galaxies is cold dark matter, with the main candidate being Weakly Interacting Massive
Particles (WIMPs). WIMPs fall into the category of non-baryonic matter, meaning that they
do not interact electromagnetically. The consensus is that if dark matter is the solution to the
missing mass problem, the form of the matter is non-baryonic. Another type of dark matter,
which was at one stage a candidate, is Massive Compact Halo Objects or MACHOs, in the form
of black hole-like baryonic matter. MACHOs are too faint to be detected, but they would cause
significant micro-lensing events of the background objects. As these micro-lensing events are
lacking (e.g. Alcock et al., 2000), it is thought that there cannot be a sufficient amount of
MACHO material to make up the observed amount of dark matter required.
Detection Efforts
If dark matter exists, it is only logical to try and detect it as, up until now, the arguments
made for the existence of dark matter have been inferred from observation, without physical
evidence. This thesis will not delve into the field of particle physics as a detailed look at
individual dark matter candidates and constraints is perhaps a deviation from the main topic.
However, a brief summery of how the community is searching for dark matter seems fit for
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discussion.
Experiments which look for dark matter can be split into two categories; direct and indirect.
The basic idea behind direct detection experiments is that dark matter should scatter when it
comes into contact with a nucleus, which should show an energy signature and hopefully be
measured. Indirect detection methods hope to find remnants of dark matter annihilation as,
theoretically, neutrino pairs and photons should be created. More details on this topic can be
found in (e.g. Marrodán Undagoitia & Rauch, 2016).
Thus far, dark matter detection experiments have not been successful with every possible
signal being ruled out or countered. The lack of a direct detection has not led many people to
become sceptical of dark matter as the hope is that with improved instrumentation, and with
more time, dark matter will be detected in the near future.
1.2 General Relativity - An Introduction
1.2.1 The Idea of Curved Space
Newton’s gravitational law, which is simple and intuitive, is not the end of the story. Firstly,
the law is nothing more than a mathematical expression with no underlying physics regarding
the physical mechanism of gravity. Not only this, observations of Mercury showed that its orbit
was not a closed ellipse, but rather displayed a precession. This precession is not predicted
by Newtonian laws, unless an additional dark planet is introduced. It was a few centuries
after Newton, in the early 1900s, that Albert Einstein answered this question with his theory
of General Relativity (GR) (Einstein, 1916).
The underpinning idea behind General Relativity is that space and time are linked in a 4-
dimensional universe (three spatial dimension and one time dimension). This so-called “space-
time" is warped by massive objects causing it to become curved, rather than flat. The effects
of gravity arise as a result of objects moving through this curved space. A simple example of
this in practice is putting a golf ball on an uneven piece of grass. The golf ball is initially hit in
a straight line, but if the surface is not flat, the golf ball will change direction. This is a very
basic interpretation of General Relativity.
The GR interpretation of time and space makes certain predictions which Newtonian physics
does not. One prediction is that as time and space are linked, gravity can cause time dilation ef-
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fects depending on the strength of the gravitational field. This has been scientifically confirmed
by orbiting satellites, the understanding of which allowed the development of GPS systems.
Photons, being massless particles, would not have been affected by the Newtonian laws, but
the curved space in General Relativity predicts that they should also follow curved paths. This
phenomenon is called gravitational lensing and has been confirmed observationally.
1.2.2 Mathematically Defining Curved Space
Once Einstein deduced that gravity might be a consequence of a curved space, he needed to
quantify it and deduce the governing equations which link matter and gravitational strength.
Prior to this, the curved space itself must be parametrised. This was done by defining the space-
time in terms of a metric tensor gµν. The metric describes how space is curved. Assuming a
4-dimensional space-time, the indices µ and ν can take values 0, 1, 2, or 3. Commonly, an
index on 0 refers to the time dimension and 1,2 and 3 are the three spatial dimensions. This
notation will be used throughout the thesis5.
The purpose of the metric becomes clearer when discussing the distance between two
points. In Euclidean space, the distance between two points can be thought of as6.
ds =
Æ−d(c t)2 + d x2 + d y2 + dz2. (1.2)
In curved space, this becomes,
ds =
q
gµνd xµd xν, (1.3)
where d xµ = c t, x , y, z in Cartesian coordinates. If the metric is diagonal, which means gµν =
0 if µ 6= ν, the distance formula becomes,
ds =
Æ
g00d(c t)2 + g11d x2 + g22d y2 + g33dz2, (1.4)
which is comparable to the Euclidean formula with added metric components. The definition
of the metric defines the curvature of the space, different metrics model different systems.
After defining a metric, a description of how objects move in the curved must be prescribed.
5In GR, Einstein notation is commonly used to lighten the equations. Einstein notation states that in an equation,
if there is an upper and lower index of the same letter a sum is implied. E.g. gµ
µ
= g00 + g
1
1 + g
2
2 + g
3
3 . This will be
used throughout.
6This example is given in Cartesian coordinates, but can be generalised to other coordinate systems.
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One way to do this is to define a gravitational action, Sg =
∫ Lp−gd4 x . Here, L is the grav-
itational Lagrangian and −g is the positive value of determinant of the gravitational metric.
The action is essentially a function which describes the path between two points. Minimizing
the action, or finding the minimum path, allows the derivation of the governing equations. The
action has constraints, mainly that Newtonian laws seem to be a good description in certain
situations, thus the equations derived in GR must reduce to Newton’s law in these scenarios.
It was deduced that the Einstein-Hilbert Lagrangian could achieve this,
Lg = 12κR+Lm (1.5)
where R is the Ricci Scalar, Lm is the matter Lagrangian and κ ≡ 8piG/c4. But what is this
Ricci scalar? As mentioned previously, the curved space is defined by a tensor called the metric
denoted by gab. In Newtonian terms, this can be thought of as a gravitational potential. Every
gravitational calculation begins with defining a metric. From the metric, the Ricci scalar can
be determined by following the flow chart shown in Fig 1.5. In this flow chart, the Christoffel
connection, Γ abc , is defined as
Γ abc =
1
2
gad
 
gbd,c + gcd,b − gbc,d

, (1.6)
the Riemann tensor, Rabcd as
Ra bcd = Γ
a
bd,c − Γ abc,d + Γ ebdΓ aec − Γ ebcΓ aed , (1.7)
the Ricci tensor, Rab as
Rab = R
c
acb, (1.8)
and the Ricci scalar as
R = gabRab. (1.9)
where the commas within the equations refer to derivative with respect to that coordinate.
Therefore, given a metric, the Ricci scalar can be calculated.
The next stage is to find the governing equation, found by minimizing the action. This is
10
1.2. General Relativity - An Introduction
Figure 1.5: Flow chart showing the process of deriving the Ricci scalar from the metric.
equivalent to solving the Euler-Lagrange equation,
1p−g
δLp−g
δgab
= 0, (1.10)
Inserting the Einstein-Hilbert Lagrangian into Eqn 1.10, the equation relating matter and grav-
itational strength, known as the Einstein equation is derived to be,
Gab ≡ Rab − 12Rgab = κTab, (1.11)
where Gab is known as the Einstein tensor. Tab is known as the Energy-Momentum tensor
and contains all the information about the matter and radiation sources present. Solving the
Einstein equation for a given distribution of matter and metric allows gravitational forces to
be calculated in the context of General Relativity.
1.2.3 Linking Newton’s Laws and General Relativity
Since Newton’s laws are well tested in our solar system, they must appear as an outcome of
the Einstein equations. It is possible to prove this by examining a pressureless system with
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matter density ρ. The Energy-Momentum tensor of this system is,
Tab =

ρ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
 , (1.12)
with metric
gab =

−  1+ 2Φc2  0 0 0
0
 
1− 2Φc2

0 0
0 0
 
1− 2Φc2

0
0 0 0
 
1− 2Φc2

 , (1.13)
where Φ is the gravitational potential and assumed to be small, Φ/c2 << 1. Using Eqns 1.12
and 1.13, the Einstein equation can be solved. The result is the following equation7,
∇2Φ= 4piGρ. (1.14)
This is known as the Poisson Equation and, in spherical symmetry, can be integrated to produce
∇Φ= GM(r)
r2
, (1.15)
where ∇Φ is the gravitational acceleration, which is Newton’s law.
There are two key results here. Firstly, in the weak field (or as space becomes flatter)
Newtonian physics is an acceptable description of gravity. Secondly, the Newtonian Poisson
equation is not exact due to the first order approximation. This is why Mercury’s precession
orbit does not follow Newtonian predictions exactly as it undergoes small GR corrections. This
highlights the importance of General Relativity for making precise calculations.
1.2.4 The ΛCDM Model
Dark Energy
Looking at the very large scale of our Universe, it was noted that all very distant galaxies are
moving away from us and that the further the galaxies were away, the faster they receded
7Under first order analysis.
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from us (Hubble, 1929). It was deduced that our Universe is expanding at an accelerated
rate. This is unexplainable in our current model in which the universe only consists of dark
matter and baryonic matter as gravity is an attractive force. What is causing the expansion?
It was hypothesised that there could be an additional repulsive force which is significant on
cosmological scales. This additional component is called “dark energy”.
The nature of dark energy is somewhat mysterious, exactly what it is and its origin is un-
known. Despite this, it is possible to model the dark energy accurately by introducing a further
dark component to our universe in the form of a cosmological constant. This cosmological con-
stant, usually denoted by Λ, is an additional term which is added into the equations in order
to achieve a model which predicts an expanding universe.
It was possible to quantify the value of the constant by combining various sets of cosmolog-
ical data such as type Ia supernova and measurements of the cosmic microwave background.
The currently accepted value of the cosmological constant is8 ΩΛ ≈ 0.69 (e.g. Planck Collab-
oration et al., 2016).
Summary
To summarise the previous sections, our universe is composed of baryonic matter in the form of
moons, planets, stars, asteroids, comets, dust and gas. These components form solar systems
and galaxies, held together by elusive dark matter haloes. These galaxies can form galaxy
clusters, which are also contained within dark matter haloes. Finally, there is some additional
component which is causing the universe to expand and for galaxies on the cosmological scale
to move away from each other. This is thought to be the cosmological constant. Finally, to
describe this we use Einstein’s equations of General Relativity which produce our Newtonian
laws in the weak field limit. All this together makes up what is known as the ΛCDM model. To
determine the governing equations of the ΛCDM model, the GR Lagrangian, Eqn 1.5 is altered
such that,
Lg = 12κ(R− 2Λ) (1.16)
The ΛCDM model is widely accepted as the correct gravitational picture of our universe and
is the backbone of most simulations and calculations in the astronomical world. It has passed
most observational challenges to date and has been scrutinised to a very high degree. The
8Cosmological values are commonly written in terms of dimensionless density parameters such that ΩX = ρX/ρc
where ρc = 3H0/(8piG) is the critical density.
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ability to explaining everything from rotation curves to structure formation and cosmology is
the reason why most astronomers are confident that this is the correct model.
Mathematics of the Standard Model
The motivation for the standard model has been given above with a brief introduction to
Newtonian dynamics. To solidify this, the equations used to describe our universe, both cos-
mologically and locally should be described.
The cosmological expansion of the Universe is described by the Friedmann equations and
can be derived from Einstein’s General Relativity. The Friedmann equations were first outlined
in the 1920s (Friedmann, 1922) and describe a universe which is isotropic, homogeneous and
expanding. The gravitational metric which describes this universe can be written in spherical
coordinates as,
ds2 = −c2d t2 + a(t)2 1
1− kr2 dr
2 + a(t)2r2dθ2 + a(t)2r2 sin2 θdφ2, (1.17)
where k describes the curvature of the universe and a(t) is the scale factor, which describes
the expansion of the universe. By solving the Einstein equation with this metric, assuming a
perfect fluid for the Energy-Momentum tensor, differential equations describing the expansion
of the universe can be obtained. The full derivation is not provided here as it is lengthy, but
the final result is given. The first equation, which is a result of solving the G00 component of
the Einstein equation, Eqn 1.11 is

a˙
a
2
+
kc2
a2
− Λc2
3
=
8piGρ
3
(1.18)
where the density, ρ and the scale factor, a, are functions of time. Over-dots represent deriva-
tives with respect to time. This is the first Friedmann equation. The second Friedmann equa-
tion is found by solving the G11 component of the Einstein equation, but using the result of
the first equation to simplify the expression. This is commonly written as,
a¨
a
= −4piG
3

ρ +
3p
c2

+
Λc2
3
(1.19)
where p is pressure, also a function of time. These equation can be solved given an initial
value for the matter and pressure and also a value for the cosmological constant. Commonly,
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the current value for the scale factor is taken to be one, a(t0) = 1.
As mentioned before, the gravitational dynamics in the weak field can be well described by
the Poisson Equation. The equation can be solved given the matter distribution of the baryonic
and dark matter contributions. Commonly, the dark matter is modelled as a spherical mass
distribution following what is known in the literature as the Navarro-Frenk-White or NFW
profile (Navarro et al., 1997; Zhao, 1996),
ρN FW (r) =
ρs
r
rs

1+ rrs
2 (1.20)
where ρs and rs are the halo scale density and radius. Although the NFW density profile is
written in terms of these two parameters, it is common in the literature to use different param-
eters to define them, mainly the total enclosed mass at r = r200, M200, and the concentration
parameter at this radius, c200. The radius r200 is defined to be the point where the average
density equals 200 times the critical density of the Universe and usually defines the edge of
the halo. The concentration parameter is defined as c200 = r200/rs.
1.3 Is ΛCDM Entirely Successful?
Although the ΛCDM model has enjoyed a vast amount of success, there are still questions
which need to be answered. Firstly, why, after many efforts, has cold dark matter not been
detected? Secondly, what is the nature of dark energy? These are question which cannot be
answered at this stage. Aside from these two questions, so far only the success of the ΛCDM
model has been outlined, but does it have weaknesses? That is the topic of this section, looking
at theoretical and observational challenges which the standard model still struggles to explain.
This discussion will be split into two broad sections; 1) issues with dark matter and 2) issues
with the cosmological constant.
1.3.1 Issues with Cold Dark Matter
Although cold dark matter can produce the observed flat rotation curves in galaxies, ΛCDM
simulations have shown discrepancies with observations. The three big issues, which seem to
be persistent, are; the “too big to fail" problem, “missing satellite problem” and the “cuspy-core”
problem (e.g. Walker & Peñarrubia, 2011; Dubinski & Carlberg, 1991; de Blok, 2010; Klypin
et al., 1999; Moore et al., 1999; Boylan-Kolchin et al., 2012, 2011; Pawlowski et al., 2012).
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These will be outlined with proposed solutions and outstanding concerns. Also outlined in
this section, and perhaps the most worrying issue, is the lack of a direct detection dark matter.
Finally, an issue on the larger, galaxy cluster scale will be discussed regarding the so-called
“Trainwreck" cluster"
Missing Satellites
As mentioned previously, simulations of theΛCDM paradigm predict dark haloes around galax-
ies, but also smaller, sub-haloes. These sub-haloes span a range of masses and sizes and should
form the satellite galaxies. Satellite galaxies are observed around our galaxy, but there is a
problem. The number of simulated haloes, around a Milky Way-like object, does not reflect
the amount of satellite galaxies which are observed. There too many simulated haloes(e.g.
Klypin et al., 1999; Moore et al., 1999). This in known as the missing satellite problem.
The missing satellites problem does not rule out cold dark matter completely however.
There could be other explanations for the discrepancy. One explanation involves tidal stripping
of the dwarf satellite galaxies during their evolution, thus failing to become galaxies (Brooks
et al., 2013). However, it has been argued that some of the predicted sub-haloes should be
too large to fail as galaxies, see Section 1.3.1.
Other attempts to counter the missing satellites problem involve switching from a cold dark
matter universe to a warm dark matter universe (e.g. Polisensky & Ricotti, 2011). The greater
speed, at the time of decoupling, of the warm dark matter particle reduces the number of
simulated satellite galaxies compared to the cold dark matter simulations. Changing the type
of dark matter changes the galaxy structure formation. This can put observational constraints
on the types dark matter particle allowed. For example, it was found that the number of
simulated satellite galaxies decreased with mass of the dark matter particle (Kennedy et al.,
2014). So the number of satellites can constrain the dark matter candidates. Also, it was
shown that if the Milky Way is smaller than ≈ 1.2× 1012M then warm dark matter is ruled
out at 95% confidence.
Too Big to Fail
An objection to the idea that sub-haloes might not be able to attract the baryonic matter is
the “too big to fail problem" which states that dark matter haloes predicted by simulations are
too massive and it seems implausible that they are not attracting the baryonic matter (e.g.
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Boylan-Kolchin et al., 2012, 2011). The gravitational potential of the dark matter should be
enough to bind the baryonic matter. There have been studies which claim that the introduction
of baryonic processes can resolve this problem in ΛCDM processes (e.g. Sawala et al., 2014),
but have been contested (Pawlowski et al., 2015).
Cuspy-Core Problem
Further to the previous two issues, the distribution of dark matter also shows an inconsistency.
As discussed previously, galaxy dark matter tends to be modelled with an NFW profile, which
was derived from N-body simulations (Navarro et al., 1997). This profile predicts a very steep
central dark matter density (1/r) profile. This is the preferred profile for ΛCDM physics as
it matches well with simulations. However, observations seem to prefer a shallower, almost
constant density core. This is known as the cuspy-core problem (Walker & Peñarrubia, 2011;
Dubinski & Carlberg, 1991). Again, this is argued to be alleviated with the introduction of
baryons and including physical processes such as supernova feedback (e.g. Governato et al.,
2012).
No Detection
Despite many detection efforts, dark matter has yet to be discovered directly. Not only this, as
the field of detection evolves, the parameter space where dark matter may exist is being ruled
out. The question of whether dark matter will ever be detected is a worrying one. Just as,
or even more worryingly, what if dark matter is detected, but it is inconsistent with current
candidate predictions? The entire standard model rests on the fact that dark matter both exists
and is cold enough that galaxies can form. The phrase “putting all the eggs in one basket" might
apply to the standard model. Having said this, the author attended a workshop9 where the
question of “what if dark matter is never detected?” was asked. The result of the poll showed
that the lack of detection would not affect the majority of people’s view of the standard model.
Perhaps no detection will not cause a scientific revolution.
Trainwreck Cluster
The Trainwreck cluster (cluster A520), like the Bullet cluster, is a galaxy cluster which has un-
dergone an interaction. It is aptly named as the system is very complex and has been described
92014 Higgs Symposium: New Horizons in Particle Cosmology, 30 June - 02 July 2014.
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as ‘chaotic’. Unlike the bullet cluster, the distribution of dark matter, inferred from weak lens-
ing, contradicts any prediction which can be made under that dark matter paradigm. There
should exists a vast amount of dark matter where there are no galaxies (Mahdavi et al., 2007).
Remember that in the discussion of the bullet cluster, the galaxies followed the dark matter
through the interaction. This is a mystery which has yet to be solved.
1.3.2 Issues with the Cosmological Constant
The cosmological constant (CC) as a solution to the expansion of the universe has been remark-
ably successful. It has surpassed many observational tests from Type Ia supernova data, the
Baryonic acoustic oscillations and the power spectrum of the cosmic microwave background.
The main issue with the CC is the inability to understand it from a theoretical point of view.
The CC, so far, is a finely tuned value which seems to agree with the data. However, when
trying to understand this from a theoretical point of view, the predicted vacuum energy density
is approximately 120 orders of magnitude different from that estimated from observation (see
section 4 of Carroll (2001)). This is known as the cosmological constant problem and is yet to
be explained.
1.4 An Alternate Approach
In Section 1.1.1, the need for dark matter in galaxies to reconcile the theorised and observed
rotation curve of galaxies was based on the assumption that Newtonian gravity is a universally
valid law of gravitation. In Section 1.2.4, the cosmological constant was introduced superfi-
cially with no understanding of what it is. This naturally leads to a very interesting question;
what if our interpretation of gravity is not complete? What if a modification to the gravita-
tional law can explain one or both of dark matter like physics and dark energy? This is known
as the field of modified gravity.
The field of modified gravity can be broadly categorised into two subsections. The first
category which will be discussed aims to explain the universe without cold dark matter. The
second does assume the existence of dark matter, but without a cosmological constant driven
dark energy.
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1.4.1 A Universe Without Cold Dark Matter?
If cold dark matter does not exist, Newtonian physics has to be altered. This raises an issue;
Newtonian physics without the need for dark matter is tested and confirmed to be a good
description of gravity in the solar system and seems to explain the inner regions of the Milky
Way well. Therefore any modification to gravity must preserve this success of Newtonian
physics. A modification of gravity must explain the effective mass of galaxy clusters and the
lensing map of the bullet cluster as well, if it is going to match the success of the cold dark
matter paradigm.
There have been many attempts to describe galaxies without using a modification to the
Newtonian laws including, but not limited to Modified Newtonian Dynamics, Conformal Grav-
ity, Scalar-Tensor-Vector Gravity, superfluid dark matter and Emergent Gravity . A brief descrip-
tion of each is given below, with more detail on each provided throughout the thesis.
Modified Newtonian Dynamics
Modified Newtonian Dynamics (MOND) is arguably the most popular solution to the missing
mass problem in galaxies. Proposed in Milgrom (1983c), the idea behind MOND is that there
exists a gravitational acceleration scale, below which, Newtonian gravity breaks down. This
acceleration scale, denoted a0 ≈ 1.2×10−10 m2s−2, defines a transition boundary where New-
ton’s 1/r2 transforms into a 1/r gravity law. This was devised by analysing galaxy rotation
curve data and realising that the flat part of the rotation curve occurs in low acceleration envi-
ronments (a << a0) and Newtonian physics describes objects with high internal accelerations
(a >> a0) without dark matter.
MOND has enjoyed its fair share of success on galaxy scales, but does not yet qualify as
a successor to the cold dark matter paradigm as it has issues with explaining galaxy clusters.
MOND is also lacking a unique relativistic counterpart to rival GR. The fact that MOND has no
relativistic counterpart and struggles with explaining galaxy cluster mass profiles means that
MOND has issue with general galaxy structure formation. This will be discussed in greater
detail in Section 3.2.2.
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Conformal Gravity
Conformal Gravity, devised by Philip Mannheim, aims to produce dark matter-like effects by
changing the law of gravity (Mannheim & Kazanas, 1989). In this paradigm, the relativistic
gravitational action is changed from Eqn 1.5 to
Lg = 12αCabcd C
abcd (1.21)
where C is the Weyl tensor, defined as
Cabcd = Rabcd − 12 (gacRbd − gadRbc + gbdRac − gbdRac) +
R
6
(gac gbd − gad gbc) (1.22)
andα is a coupling constant. This formulation of gravity produced a modified Poisson Equation
which is similar to the Newtonian equivalent, with additional terms. The idea is that the
additional terms could produce dark matter like effects.
Conformal gravity has been able to produce physical, flat rotation curves of a limited sam-
ple of galaxies (Mannheim & O’Brien, 2013). However, the theory is still within its infancy
and faces some theoretical challenges. Conformal gravity will not be discussed further in this
thesis.
Scalar-Tensor-Vector Gravity
An ambitious alternative theory to Newtonian physics and General Relativity is Scalar-Tensor-
Vector gravity (STVG), developed by John Moffat in 2006 (Moffat, 2006). This idea uses
additional fields to account for the dark matter effect, specifically an additional scalar field,
a covarient vector field and a dynamical gravitational term (analogous to the gravitational
constant G) also modelled as a scalar field. The concept of additional fields might ring a little
unfamiliar with astronomers used to Newtonian physics and the ΛCDM paradigm. They are,
however, fundamental to our understanding of physics despite gravitational preference. For
example, recent breakthroughs in particle physics have unlocked mysteries of the Higgs boson,
which has an associated scalar field, the Higgs field. Favoured models of inflation are centred
on a scalar field, known as the ‘inflaton’ scalar field. But what are they?
To introduce fields, it is simplest to think of a scalar field. A scalar field is nothing more
than a function which has a distinct scalar value at every point in space (and time). For
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example, temperature can be thought of as a scalar field, every point in space has an associated
temperature, which can change in time. In gravitational physics, theoretical scalar fields can
be coupled to matter and/or gravity, with the intention of affecting the curvature of space-
time, and hence modifying the gravitational law. Vector fields are a more complex form of
field as each point in space will be described by a vector rather than a scalar.
The use of scalar fields is fundamental to modified gravitational theory. For example,
MOND can be written as a field theory, (see Section 3.4.8). There have also been models
which try to couple Conformal gravity to the Higgs field (e.g. Horne, 2016). Scalar fields
have also been used in conjunction with dark matter to model Dark Energy (discussed in
the following section). The addition of fields has a drawback being that the gravitational
theories can become complicated and unfriendly. This is often used as an argument for dark
matter physics, Occam’s razor. Scalar-Tensor-Vector-Gravity has fallen prey to this. Despite
arguments that STVG can explain galaxy rotation curves, galaxy clusters and recently the bullet
and trainwreck clusters, the theory is complicated. Models beyond spherical symmetry have
not been tested yet and very few astronomers work on this paradigm. The basic principle
of the theory is that the additional fields, like CG, add in extra terms to the gravitational
equation which become important on galaxy and galaxy cluster scales, but unimportant on
smaller scales. This theory will be discussed more in Chapter 5.
Superfluid Dark Matter
On an entirely different note, there have been some claims that dark matter may be the correct
solution, but the interpretation as to its physical composition may be at fault. The idea behind
a superfluid dark matter paradigm is empirically motivated by the fact that the ΛCDM model
works well on large scales, but has issues on small scales. Perhaps something significant is
happening to the nature of the dark matter particles inside galaxies? One proposed interpre-
tation is that dark matter is actually a superfluid, which can exist in two states depending on
the environment. This idea has been discussed in the literature with the most recent develop-
ments conducted by Justin Khoury and Lasha Berezhiani in 2016. This work will be discussed
further in Chapter 6.
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Emergent Gravity
Emergent Gravity (EG) is a relatively new paradigm in which it is hypothesised that the ob-
served gravitational force is a consequence of the microscopic make-up of space-time (Verlinde,
2016). The effective EG force law is similar to Newtonian, but with an additional term. This
term gives rise to dark matter-like effects. This thesis does not attempt to critique the underly-
ing physics of this paradigm, but rather apply the EG predicted gravity law to A1689, to verify
the results of Nieuwenhuizen (2016) (see Chapter 5). Therefore, a description of the precise
physics of EG is omitted. Here, the essential results of Verlinde (2016) which are required for
astrophysical testing are given. Also a brief review of the current status of the paradigm is
given.
The mathematical equation which describes the total gravitational acceleration in EG is
∇ΦEG(r) =∇ΦN +
√√∇ΦN (r) a0
MN (r)
d(MN (r) r)
dr
(1.23)
where MN (r) is the Newtonian mass of the system, ΦN and ΦEG are the Newtonian and EG
gravitational potentials and a0 is a constant with units of acceleration ≈ 1.2× 10−10ms−2. It
will be seen in Chapter 3 that Eqn 1.23 is similar to MOND in some ways, but not exact. The
differences mean that, in principle, EG could explain why galaxies work in MOND, but galaxy
clusters do not.
Clearly the introduction of this paradigm prompted investigation and testing with data.
Initially there were promising results when it was shown that EG passed galaxy-galaxy weak
lensing tests (Brouwer et al., 2017) and had some success with dwarf galaxies (Diez-Tejedor
et al., 2016). However, it was then shown to be in contention with rotation curves due to the
form of the “boosting" term, mainly being dependent of mass gradient, giving some unwanted
physical features (Hees et al., 2017). The radial acceleration relation (RAR) (McGaugh et al.,
2016)10 can be consistent with EG, again, only if small stellar mass-to-light ratios are imposed
(Lelli et al., 2017). On top of this, it was shown to be inconsistent with solar system constraints
as it predicts orbital precession much larger than observed (Hees et al., 2017), although this is
still in debate. Work with galaxy clusters has also been conducted by Ettori et al. (2016) where
it was shown that EG predicts a total cluster mass with a different shape to NFW models. The
10The RAR is a proposed correlation between the radial acceleration derived from the baryons in a rotationally
supported galaxy, and the radial acceleration which is observed.
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magnitude of the mass was within a factor of approximately 3, with better agreement at r500.
Finally EG has been tested with some success against elliptical galaxies although still suffering
with low predicted stellar mass-to-light ratios (Tortora et al., 2017).
1.4.2 A Universe Without A Cosmological Constant?
Aside from theories which propose alternatives to cold dark matter, dark energy can be ex-
plained by modified gravity laws. Issues as to the nature of the cosmological constant as well
as theoretical challenges to the ΛCDM paradigm have paved the way for alternate theories.
There are a plethora of different theories with entirely different premises which aim to achieve
this, too many to discuss in this thesis. A concise review which gives an overview of the field,
including many different theories, can be sought out by the enthusiastic reader (Clifton et al.,
2012). Modifications to gravity require so-called ‘screening’ mechanisms in order to pass small
scale observational tests. Therefore, instead of discussing different theories in detail, in this
section, different screening techniques are discussed.
Screening
In a ΛCDM universe, the effects of the cosmological constant are not noticeable on the galaxy
and galaxy cluster scale and the dynamics are well described by the dark matter alone. There-
fore, any modification of the gravitational laws to explain dark energy should not affect sub-
cosmological scales. This is achieved in modified gravity by “screening" mechanisms . Screen-
ing, in essence, is the way in which the effects of the dark energy term are suppressed in
regions such as galaxies and galaxy clusters. There are different types of screening mecha-
nisms which are employed in modified gravity depending on the specific theory. The main
types of screening are “Chameleon" and “Vainshtein".
In physics, forces have a particular range. The force associated with the charge of a particle
is a short range force, whereas gravity acts on very large scales. The force associated with a
scalar field also has an associated length scale which so happens to be, in dark energy theories,
inversely proportional to the effective mass of the scalar field. Therefore, if the effective mass of
the scalar field could be increased in regions such as galaxies, then the additional dark energy
force would become negligible. This is called chameleon screening (Khoury & Weltman, 2004).
Specifically, the models are designed such that when the density becomes ‘high’, the mass of
the scalar field becomes high enough that the force is negligible compared to the Newtonian
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force. Theories which use the Chameleon mechanism will not be examined in this thesis and
thus will not be discussed further.
Vainshtein screening (Vainshtein, 1972) is less intuitive to understand. Its roots lie in
carefully choosing a modified Lagrangian which gives desired results. Imagine a pair of glasses
which become tinted when there is bright sunlight present, essentially becoming sunglasses.
It would be undesirable for the glasses to be tinted all the time, so the material of the lens
is carefully chosen such that it only reacts to the sunlight. This analogy, resembles the idea
behind the Vainshtein mechanism. The dark energy is modelled by a scalar field and a modified
gravitational Lagrangian is constructed which describes the behaviour of the scalar field. As
with chameleon screening, the scalar field effect must disappear in high density environments.
It was found that certain combinations of non-linear scalar field terms in the Lagrangian can
lead to modified field equations in which the scalar field contribution is suppressed. In the
same way that the glasses do not become tinted indoors, the scalar field terms do not become
strong, compared to the Newtonian force, in high density regions. The reason is due to the
choice of material for the glasses, or the Lagrangian for the dark energy theory.
In Chapter 2, a dark energy motivated modified gravity theory called Galileon gravity is
explored. The Galileon model invokes the Vainshtein mechanism to screen the scalar field in
high density regions. Essentially in very high density regions, the total gravitational force is
very close to the Newtonian prediction. In very low density regions, e.g. voids, the gravi-
tational force deviates substantially from the Newtonian prediction. In galaxy clusters, the
deviation is mild. More detail about the Galileon model will be given in Chapter 2.
1.5 This Thesis
A very broad introduction to the field of modified gravity has been outlined in the previous
sections. The work conducted in this thesis analyses some of the models outlined above in the
context of galactic and extra galactic dynamics, looking at different aspects in each case. The
theories which are discussed in this work are MOND, dark matter superfluid theory and, to
a lesser extent, Galileon gravity, Modified Gravity (MOG) and emergent gravity. The aspects
which are to be discussed are outlined as follows.
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1.5.1 Two-Body Problem in Galileon Gravity
In Chapter 2, Galileon gravity is explored in the context of extragalactic astronomy. Specifically,
a two-body problem is examined consisting of a small galaxy orbiting a galaxy cluster. Like
in Newtonian physics, the gravitational force is determined by solving a Poisson equation. In
Galileon gravity, the Poisson equation for the scalar field is non-linear and also depends on the
background cosmology. Therefore, both the cosmological solution and techniques for solving
this non-linear equation are discussed. Preliminary two-body results are shown with some
applications and future outlooks given.
1.5.2 Clusters in MOND
As mentioned previously, MOND is a proposed solution to the missing mass in galaxies, without
the aid of cold dark matter particles. The paradigm has issues when looking at galaxy clusters.
The MOND paradigm will be analysed in detail, giving a historical review of the model, paying
particular attention to the successes and shortfalls. The focus will be looking at the problem of
galaxy clusters in the context of MOND. In short, the most researched solution to the cluster
problem in MOND introduces a neutrino component (Angus et al., 2008), thus increasing the
available mass in clusters. Aside from this, there have been propositions which have aimed to
modify the MOND dynamics such that neutrinos are not needed. In Chapter 3, one of these
propositions, extended MOND (EMOND), is discussed in detail. The EMOND formalism is
applied to a sample of galaxy clusters in order to test the paradigm.
1.5.3 Ultra-Diffuse Galaxies in EMOND
As well as the mass profiles of galaxy clusters, the newly discovered ultra-diffuse galaxies
(UDGs) are a constraint on MOND. From velocity dispersion and luminosity measurements,
UDGs are galaxies thought to have the baryonic mass of a dwarf galaxy, and a dark matter
halo of a much larger galaxy and are found in galaxy clusters. The high dark mass fraction
of these galaxies could prove difficult to explain in the regular MOND paradigm. They there-
fore provide an excellent, independent test for the EMOND formulation of MOND. Chapter 4
discusses the current literature of these UDGs. On top of this, the first attempt at modelling
these galaxies in the context of MOND will also be shown. Comparisons between model and
observations will be made, although the amount of observations of these objects is very small.
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1.5.4 A1689 in Modified gravity
A recent preprint article discussed the modelling of galaxy cluster A1689 and concluded that
MOND, MOG and emergent gravity were unable to account for the inferred lensing signa-
ture, without resorting to some kind of dark matter (Nieuwenhuizen, 2016). This therefore
presented a test for EMOND. Chapter 5 discusses the modelling of galaxy cluster A1689 in
EMOND, a second modified MOND paradigm paradigm dubbed GMOND, the MOG paradigm
and Emergent Gravity.
1.5.5 Superfluid Dark Matter and Galaxy Cluster
A newly proposed model of superfluid dark matter was published in 2016 which outlined
a theoretical framework where MOND-like effects could be achieved in galaxies and ΛCDM
effects could be achieved on larger scales. This paradigm creates the MOND-like force from
coupling phonon interaction from a superfluid dark matter component to matter. This work
had not yet undergone astrophysical modelling. Therefore it seemed fitting to use a sub-sample
of clusters from the EMOND study and apply the superfluid paradigm to them. This required
building the first set of spherical models in the theory. A brief review of the superlfuid dark
matter work of Justin Khoury and Lasha Berenzhini will be given in Chapter 6 followed by a
calculation allowing this model to be compared to data.
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This Chapter is based upon on-going research into modified gravity and dark energy, with
discussions about current status and future prospects. This work has not been published, but
could lead to publication in the future.
In this Chapter, I constructed a Poisson solver, using techniques which have previously been
outlined in the literature. I then quantified the fifth force between two galaxies, which has not
previously been done in the cubic Galileon model.
2.1 Modified Gravity - A Dark Energy Perspective
It was briefly mentioned in the introduction that the field of modified gravity can be broadly
split into two categories; those which assume dark matter, but replace the cosmological con-
stant with a different form of dark energy and those which do not assume a cold dark matter
component. The latter has been the primary focus of this thesis so far, the former is the topic
of this Chapter. Specifically, this Chapter will discuss modifications in the form of scalar field
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dark energy.
The main difference between scalar field dark energy and the cosmological constant is the
dynamical nature of the scalar field. This dynamical nature requires additional and modified
equations, from the ΛCDM equations, to fully describe the additional degree of freedom (the
scalar field). In the ΛCDM model, the cosmology is described by the Friedmann equations
and the non-linear regime is described by the Poisson equation. Introducing a dynamic scalar
field will add in terms to these equations. Also, the Euler-Lagrange equation has to be varied
with respect to the scalar field to describe its behaviour. This results in a modified Friedmann
equation, a modified Poisson equation, a Friedmann-like scalar field equation of motion and a
scalar field Poisson-like equation. The system is then well defined.
As galaxies and galaxy clusters seem to be modelled well with a cold dark matter compo-
nent and Newtonian gravity, and as the ΛCDM model seems to be consistent with cosmologi-
cal data, the modifications to the regular Friedmann and Poisson equations cannot be affected
drastically. Enforcing this constraint is called screening, essentially suppressing the effects of
the scalar field in dense environments. This ensures that observational tests are still passed.
However, if the screening is not efficient, then there should be some observational evidence of
a so-called “fifth force" (the additional force on top of Newtonian gravity).
There have been a wide number of proposed scalar field dark energy models since their
conception. In this Chapter, the model of Galileon cosmology (Nicolis et al., 2009; Deffayet
et al., 2009b,a) will be discussed.
2.1.1 Descriptions of Galileon and DGP Paradigms
In this section, a brief outline of the equations and predictions of Galileon gravity is given. The
Lagrangian and field equations will be shown along with the modified Friedmann and Poisson
equations for each. For simplicity, when the equations are being introduced, natural units are
adopted, c = ħh = G = 1. In later sections, when physical calculations are described, physical
units will be reintroduced.
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Galileon
The gravitational action of Galileon cosmology, SGal , is written as (e.g. Barreira et al., 2013a),
SGal =
∫
d4 x
p−g  R
16piG
− 1
2
5∑
i=1
ciLi

+ Sm (2.1)
where Sm is the matter action, L1 is
L1 =M 3χ (2.2)
L2 is
L2 =∇αχ∇αχ, (2.3)
L3 is
L3 = 2M 3∇αχ∇
αχχ. (2.4)
L4 is
L4 = 1M 6∇αχ∇
αχ

(2χ)2 − 2  ∇µ∇νχ (∇µ∇νχ)− R2∇αχ∇αχ

(2.5)
and L5 is
L5 = 1M 9∇αχ∇
αχ[(χ)3 − 3(χ)  ∇µ∇νχ (∇µ∇νχ) + 2  ∇µ∇νχ (∇ν∇ρχ)  ∇ρ∇µχ
− 6  ∇µχ (∇µ∇νχ) (∇ρχ)Gνρ
(2.6)
Here, χ is the scalar field with units of mass, M ≡ κ−2H20 ,  is a four dimensional Lapla-
cian operator, ∇a is a covariant derivative and ∇a a contra-variant derivative. ci terms are
dimensionless constants. One should notice that if all ci terms are zero, thus removing any
contribution of the scalar field, the ΛCDM action without the cosmological constant is recov-
ered. If all ci terms are non-zero, Eqn 2.1 describes what is known as the “Quintic Galileon”
model. If c5 = 0, Eqn 2.1 describes what is known as the “Quartic Galileon” model. Finally, If
c5 = 0 and c4 = 0, Eqn 2.1 describes what is known as the “Cubic Galileon” model. For sim-
plicity, the cubic Galileon case was considered here1. A desired feature of the Galileon action
is the presence of a so-called “shift symmetry", meaning if the scalar field is perturbed by some
constant value, say χ → χ + C , due to the terms in the Lagrangian all being derivatives of the
1c1 is also assumed to be 0 (Barreira et al., 2013b).
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scalar field, the physics does not change.
The cubic Galileon equations of motion are (e.g. Barreira et al., 2013b),
Gµν = κ

T mµν + T
c2
µν + T
c3
µν

(2.7)
and
0 = c2χ +
2c3
M 3

(χ)2 −∇α∇βχ∇α∇βχ − Rαβ∇αχ∇βχ

(2.8)
where
T c2µν = c2

∇µχ∇νχ − 12 gµν∇
αχ∇αχ

(2.9)
and
T c3µν =
c3
M 3

2∇µχ∇νχχ + 2gµν∇αχ∇βχ∇α∇βχ − 4∇λχ∇(µχ∇ν)∇λχ

(2.10)
In the literature, the scalar field has units of mass. However, it is common to make the trans-
formation χ → pκχ. This means that the scalar field becomes dimensionless. This trans-
formation was adopted here and thus in the following equations, the scalar field terms are
dimensionless. As mentioned, it is also common to work in natural units. From this point for-
ward, the required factors of ħh, c and G are re-introduced, making the equations dimensionally
consistent.
2.1.2 Cosmology
One consequence of the Galileon framework is that the non-linear regime (i.e. the Poisson
equation) has terms related to the background cosmology. Therefore, in order to make galaxy
scale calculations, the cosmology must be known.
The equations of motion can be solved using a Friedmann-Robertson-Walker (FRW) metric
and perfect fluid stress-energy tensor to find the modified Friedmann equations and cosmolog-
ical scalar field equation. The Galileon Friedmann equations are derived in a similar manner
to the ΛCDM Friedmann equations. This was done in Barreira et al. (2013b), where the scalar
field was assumed to take the form χ = φ(t) +ϕ(x , t). The perturbation term, ϕ(x , t), was
assumed to be much smaller than the time dependent term, φ(t), and could be neglected on
cosmological scales. Making some simplifications, the first Friedmann equation for the cubic
30
2.1. Modified Gravity - A Dark Energy Perspective
Galileon model could be found (Barreira et al., 2013b),
3H2 = 8piGρ +
c2
2
φ˙2 +
6c3H
H20
φ˙3, (2.11)
where H ≡ a˙/a is the Hubble parameter. The second equation was also given in Barreira et al.
(2013b),
H˙ + H2 = −8piGρ
6
− c2
3
φ˙2 − c3
H20
 
φ˙3H − φ¨φ˙2 . (2.12)
The additional scalar field Friedmann equation, describing the cosmological evolution of the
scalar field, was given as (Barreira et al., 2013b)
0 = c2

φ¨ + 3φ˙H

+
6c3
H20

2φ¨φ˙H + 3φ˙2H2 + φ˙2H¨

. (2.13)
Usually, equations of this sort should be solved numerically. Luckily, however, they follow a
tracker solution where the product of the Hubble parameter and the scalar field time derivative
is constant (Barreira et al., 2013a),
H(a)φ˙ = ζH20 (2.14)
where ζ is a constant, derived from solving,
1
6
c2ζ
2 + 2c3ζ
3 = 1−Ωm0 −Ωr0. (2.15)
For simplicity, in the following calculations, only systems at z = 0 or a = 1 were examined.
Therefore, the tracker solutions Equation 2.14 for this specific case could be written as,
φ˙(a = 1) = ζH0. (2.16)
A plot of Galileon cosmology compared with ΛCDM cosmology is shown in Fig 2.1 where the
evolution of the Hubble parameter as a function of scale factor is shown. Fig 2.1 shows for
the most part, ΛCDM and Galileon agree with a approximately 7% difference around a = 0.6.
It has been assumed that both ΛCDM and Galileon have the same current day matter density,
Ωm0 = 0.3. The radiation contribution can neglected at late time. A similar plot was shown in
Barreira et al. (2013b) (see Figure 3 in this work). It differs slightly from the one shown in Fig
2.1 due to using different initial conditions. However the overall features are still the same.
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Figure 2.1: A comparison of how the Hubble parameter changes with time in ΛCDM and Galileon
cosmology. The cosmology is similar, apart from a deviation around a = 0.6. A similar plot was shown
in Barreira et al. (2013b), but with different initial conditions.
2.1.3 Non-Linear Regime
Next, the modified Poisson equation (and scalar field Poisson equation) for Galileon cosmology
can be determined via a similar process as described in Section 1 for the Newtonian Poisson
equation. These are (Barreira et al., 2013b),
c2∇2ϕ + c4
3β1H
2
0

(∇2ϕ)2 −∇i∇ jϕ∇i∇ jϕ

=
8piGρ
3β2
. (2.17)
which describes the spatial distribution of the scalar field, ϕ, given a matter source, ρ. The
∇i and ∇ j terms in Eqn 2.17 are spatial derivatives. The total gravitational potential is found
via,
∇2Φ= 4piGρ − c3
H20
φ˙2∇2ϕc2. (2.18)
which describes the total gravitational potential resulting from matter and the scalar field. φ˙
is the cosmological value of the scalar field time derivative and can be calculated at present
time by Equation 2.16. The β terms are a collection of cosmological values, which are constant
for a specific moment in time. The expressions for β1 and β2 can be found in Equations 2.19
and 2.20 (Barreira et al., 2013b).
β1 =
1
6c3

−c2 − 4c3H20
 
φ¨ + 2Hφ˙

+
2c23φ˙
4
H40

(2.19)
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and
β2 =
2H20β1
φ˙2
. (2.20)
Unlike ΛCDM cosmology, the Galileon Poisson equation depends on the cosmological param-
eters. Therefore in order to solve galaxy and extra-galactic calculations using the Galileon
Poisson equations, the cosmological equations must be solved first.
The scalar field Poisson equation (Eqn 2.17) is quite complicated to solve due to the non-
linear terms. However, under the assumption of spherical symmetry, Eqn 2.17 is quadratic to
ϕ′(r) and can therefore be analytically solved forϕ′(r). The spherical solution is (e.g. Barreira
et al., 2013b),
dϕ
dr
=
3β1H
2
0 r
4c2
−1+√√√1+ 16M(r)G
9β1β2H
2
0 r
3
 . (2.21)
From Eqn 2.21, it can be seen that when r  16M(r)G/(9β1β2H20)1/3, dϕ/dr ≈ 0. This is
the basis of the Vainshtein screening. The radius rvain = (16M(r)G/(9β1β2H20)
1/3 is known as
the Vainshtein radius. This quirk of the equations allows the suppression of the Galileon fifth
force in high density environments, as desired.
2.1.4 Previous Studies of the Cubic Galileon Model
Although Galileon gravity is still very young, proposed in 2009, it has attracted considerable
attention because it is uniquely determined by the imposed symmetry. Here, some studies and
predictions of the cubic Galileon model are outlined. The literature discussed here focusses
on astrophysical consequences of specifically the cubic Galileon model. Deviations into topics
such as Generalized Galileon models will not be discussed as it detracts from the purpose of
this Chapter.
As the Vainshtein screening is quite efficient at suppressing the fifth force2 in galaxies, nat-
urally most studies of the cubic galileon have been large scale simulations. Deviations from
ΛCDM arise as a result of a) the modified cosmology and b) the fifth force. For example, it was
shown in Barreira et al. (2013b) that the matter power spectrum was increased by approxi-
mately 20 % compared to ΛCDM. In this work, the contributions of the modified cosmology
and the fifth force were analysed finding that the main source of the deviation was due to the
2In scalar field theories of gravity, like Galileon, the total gravitational acceleration is composed of the Newtonian
force and an additional force which arises from the scalar field. This additional force is commonly known as the
“fifth force". Screening suppresses the fifth force in high density environments.
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cosmology (15%) whereas the remaining difference was due to the fifth force.
Other halo properties were investigated in Barreira et al. (2014) such as the halo mass
function, which was shown to differ from ΛCDM by only approximately 10%. The mass-
concentration relationships were also computed, showing desired features such as a rising
concentration with time and a falling concentration with mass.
Galaxy clusters were also studied in the context of the cubic Galileon model in Barreira
et al. (2015b). It was found that at large radii, between 2 and 20 Mpc, the deviation from
Newtonian gravity was approximately 20-40%.
Due to the Vainshtein mechanism screening the fifth force in high density environments,
voids are a good test of modified gravity as the density is low, thus larger deviations from GR are
expected. For the cubic Galileon model, Barreira et al. (2015a) investigated lensing by voids.
Voids are regions of space which contain very little matter. It may therefore seem counter-
intuitive to discuss lensing by voids. Objects undergoing gravitational lensing via a galaxy or
cluster are magnified due to more photons reaching the observer. It is then natural to reason
that voids have the opposite effect, making objects seem dimmer. This has been discussed in
(e.g. Bolejko et al., 2013). As voids are very low density regions of space, screening should not
be in effect and deviations from Newtonian gravity should be high, making them ideal tests
for modified gravity. The results were that voids were larger in the modified framework and
also slightly emptier. The fifth force was also found to substantially increase the lensing signal
(twice the ΛCDM expected signal).
2.2 A two body calculation in Galileon gravity
Due to the screening mechanisms, modified gravity of the dark energy kind is hard to differ-
entiate from ΛCDM. Therefore searches for detectable differences between the predictions of
ΛCDM and modified gravity are an important field of research. One such test, proposed in
MOND-like paradigms, is that of Roche-lobes and tidal radii. As Roche lobes are determined
from the gravitational force between two bodies, the scalar field fifth force should predict dif-
ferent tidal radii compared to Newtonian gravity. The question is, how effective is the screening
mechanism in Galileon gravity and whether any differences in Roche lobes can be detected?
The first step in doing this is calculating the gravitational force for a two-body system in the
galileon paradigm. Aspects which need to be addressed are,
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1. Numerically solving the scalar field Poisson Equation outside of spherical symmetry.
2. Setting up boundary conditions.
3. Ensuring boundary conditions are valid.
4. Determining total gravitational force.
The scalar field Poisson equation was solved numerically using a relaxation method on a
fixed grid. The method which was employed to do this is outlined in the following sections.
2.2.1 Code Units
Unit Transformation
The first step to solve the Galileon equations were to turn them into a dimensionless form,
suitable to be implemented into a code. To do this, the following transformations were made
which were also used in Li et al. (2013)3,
x˜ =
x
B
, d t˜ = H0d t ρ˜ =
ρ
ρcΩm0
Φ˜=
Φ
B2H20
ϕ˜ =
ϕc2
B2H20
(2.22)
where x represents any distance term, d t any time term, ρ any density term, M any mass
term, Φ any gravitational potential term and ϕ any Galileon scalar field term. Also above, B is
the simulation box length, H0 is the current day Hubble parameter, ρc =
3H20
8piG is the current day
critical density and Ωm0 is the current day matter density. The final point of note from above
is the extra c2 which appears when transforming scalar field terms, which does not appear in
gravitational potential terms. This is because the scalar field was chosen to be dimensionless,
thus to be dimensionally consistent, the extra factor of c2 is required.
Equations in Code units
By imposing the above transformations, dimensionless forms of Eqns 2.17 and 2.18 could be
determined, which are analogous to the dimensionless DGP equations in Li et al. (2013). These
3The Equations in Li et al. (2013) are for a different gravity theory, Dvali, Gabadadze and Porrati (DGP) gravity.
This theory, although different, takes advantage of the Vainshtein mechanism. The equations are very similar to
the cubic Galileon model, so the code application can be applied to the cubic Galileon case. This was mentioned
in Li et al. (2013).
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were found to be,
ρ˜Ωm
β2
= ∇˜2ϕ˜ + 1
3β1
 ∇˜2ϕ˜2 −  ∇˜i∇˜ jϕ˜2 (2.23)
and
∇˜2Φ˜= ∇˜2Φ˜N − ζ2c3∇˜2ϕ˜, (2.24)
where in Eqn 2.24 the dimensionless solution for φ˙ (Eqn 2.16) was substituted in.
The dimensionless spherical solution for the scalar field gradient was also determined,
dϕ˜
d r˜
= −1+
√√√
1+
2Ωm0M˜(r˜)
3β1β2 r˜3pi
. (2.25)
2.2.2 Initial mass distribution
One-body
As the the Galileon equation is analytic for a spherical body, a one body run test was conducted
to ensure the code worked. For the following results, the single body was chosen to represent
a galaxy cluster, though any spherical body could have been tested. The cluster was positioned
at (x , y, z) ≈ (0, 0,0). The density distribution was assumed to be an NFW profile (See Eqn
1.20). As the NFW predicts an infinite value for the density at r = 0, the centre of the cluster
was placed in-between two grid points, essentially masking the point at which infinite density
would occur (hence positioned at approximately (0,0,0). See Fig 2.2 for an illustration of the
set up.
Two-bodies
For a simple test, a 2-body system representing a small galaxy at the edge of a galaxy cluster is
tested. The reason for this is primarily that if the mass ratio of the two objects is large, setting
the boundary conditions becomes simpler, as will be demonstrated. The small galaxy is placed
at the centre of the box, with the centre of the cluster situated outside the box, see Fig 2.3.
The box has to be large enough such that the boundary values can be set by the spheri-
cal cluster solution. That is, as the small galaxy is a perturbation to the galaxy cluster, at a
large enough distance away, the cluster will begin to dominate and thus the small galaxy’s
contribution to the gravity can be neglected.
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Figure 2.2: Schematic showing the 2D projection of the 1 body (b1) set up. Although only one body
is used here, “b1” is used to be consistent with notation in the two body problem, which requires b1
and b2. Blue circle represents the mass distribution, black dashed square represents the simulation box
with length B. When solving the scalar field Poisson equation, the value of the scalar field will be fixed
at the box edge and the value of the scalar field inside the box will be altered by a relaxation routine.
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Figure 2.3: Same as Fig 2.2 for the two-body run. In this case, the value of the scalar field at the box
edge will be fixed by the cluster value and the solution inside will altered by the relaxation routine.
The Newtonian density distribution was chosen to be a superposition of two NFW profiles,
ρN (x , y, z) = ρN FW b1(r1) +ρN FW b2(r1) =
ρsb1
r1
rsb1

1+ rrsb1
2 + ρsb2 r2
rsb2

1+ rrsb2
2 (2.26)
where
rbn =
Æ
x2 + y2 + (z − zbn)2, (2.27)
where bn represents either body 1 (b1) or body 2 (b2). The definition of rbn allows the system
to be defined by two spherical objects, in the same x y plane, but separated in z. The large
body, body 1, was the galaxy cluster with zb1 = 2000 kpc. The small body, body 2, represented
a galaxy and was placed at the centre of the simulation box, zb2 ≈ 0.
The parameter choices for the two bodies and parameters about the numerics are shown
shown in Table 2.1.
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Table 2.1: Table of parameters used throughout Chapter 2. These include, in order, the dimension-
less gravitational constant (G˜), the matter density parameter (Ωm0), the two cosmological scalar field
Poisson parameters (β1 and β2), the two cubic Galileon coefficients (c2 and c3), the scalar field cosmo-
logical solution constant (ζ), the code box size (B), the NFW parameters (ρsb1, ρsb2, Rsb1 and Rsb2),
the z positions of the two bodies (zb1 and zb2), and the relaxation convergence parameter (w). c2 and
c3 were taken from Barreira et al. (2013b), w was taken from Li et al. (2013).
Parameter Value
G˜ 3Ωm0/(8pi)
Ωm0 0.3
β1 -0.11059
β2 -1.29604
c2 −5.378c2/32
c3 10
ζ 0.413108
B 2000 kpc
ρ˜sb1 10
5
ρ˜sb2 10
5
R˜sb1 100 kpc/B
R˜sb2 10 kpc/B
z˜b1 2000 kpc/B
z˜b2 5 kpc/B
w 1/3
2.2.3 Determining the boundary conditions
Spherical Grid Solution
To perform numerical simulations, appropriate boundary conditions had to be chosen. This
was done by taking advantage of the analytical spherical solution of the Galileon equation.
The discretized version of the spherical equation 2.25 was found to be,
ϕ˜i−1 = ϕ˜i − hsph
−1+√√√1+ 2Ωm0M˜(r˜i)
3piβ1β2 r˜
3
i
 3β1 r˜i
4
, (2.28)
where hsph is the grid size. As this is a 1D integration, the grid size could be chosen to be much
smaller than the grid size chosen for the full 3D case. It should be noticed that the form of Eqn
2.28 is such that the previous point of the grid (i-1) is found rather that the next point (i+1).
This is because the system was integrated from outside in from a given boundary potential.
Ideally, the scalar field should asymptotically tend to zero for an isolated system, (ϕ → 0 as
r →∞), but this was infeasible to code. It was therefore appropriate to pick a zero point for
the scalar field, far outside the edge of the simulation box, ϕ(rbound) = 0. This allowed the
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Eqn 2.28 to be numerically integrated, finding the value for the scalar field at all radii.
Mapping the Spherical Solution onto the 3D Grid
The above procedure allowed the scalar field to be determined for a spherical object by solving
the Poisson equation in terms of radius. The 3D code required the scalar field to be in terms
of an x yz Cartesian coordinate. To map the spherical solution onto the Cartesian grid, two
steps had to be taken,
1. Convert x yz position into spherical radius
2. Determine scalar field at that radius
The first point was simply achieved by solving,
r˜2 = ( x˜ − x˜0)2 + ( y˜ − y˜0)2 + (z˜ − z˜0)2 (2.29)
where the subscript ‘0’ terms are the x yz positions of the centre of a given object.
The second step required interpolation. As the grid is discrete, not continuous, it is likely
that the radius calculated in Eqn 2.29 falls between two cells on the spherical grid. Therefore,
to circumvent this issue, linear interpolation was invoked.
Firstly, two temporary index numbers were computed,
il =

r˜bn
hsph

, iu =

r˜bn
hsph

, (2.30)
where bc and de are the the floor and ceiling functions respectively and subscripts l and u
represent lower and upper. il and iu are defined such that calculated spherical radii are r˜l =
hsphil and r˜u = hsphiu. These allow the code to find the immediate grid cell above and below
the calculated radius.
For example, say there is a spherical body on a Cartesian grid, with centre at ( x˜ , y˜ , z˜) =
(0,0, 0). Firstly, the scalar field could be calculated via Eqn 2.28 in terms of radius r. Say the
spherical solver grid was 10 units long each with length hsph = 0.5 (20 cell grid). Next suppose
the scalar field needs to be calculated on the Cartesian grid at a point ( x˜ , y˜ , z˜) = (2, 2,2). The
first step would be to calculate the r from Eqn 2.29, r =
p
(2− 0)2 + (2− 0)2 + (2− 0)2 ≈
3.4641. Next, Eqn 2.30 would be solved to find il and iu, which would be il = 6 and iu = 7
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respectively. The lower and upper radii would then be found by ru = iuhsph = 3.5 and r˜l =
ilhsph = 3.
The next step would be to find the the value of the scalar field at r˜ = 3.4641. Using linear
interpolation, this was achieved by
ϕ˜(r˜) = ϕ˜(r˜l) + (ϕ˜(r˜u)− ϕ˜(r˜l)) r˜ − r˜lr˜u − r˜l . (2.31)
Therefore, in the example above, ϕ(2, 2,2) = ϕ(3.4641). This technique was applied to the
entire grid.
Two bodies
It was mentioned that for the two-body problem, the mass ratio between the two bodies is
high. Therefore, far enough away from the small body,
ϕ˜T = ϕ˜b1 + ϕ˜b2 ≈ ϕ˜b1. (2.32)
Therefore, the simulation box was chosen to be large enough such that the boundary condition
could be set by the spherical solution of the larger body. This allowed the above mapping
procedure to be applied for the two body case.
2.2.4 Numerically solving the equations
Relaxation Routine
The non-linearity of the modified scalar field Poisson Equation, which appears as a result of the
Vainshtein mechanism, significantly increases the complexity of solving the equation outside
spherical symmetry. Firstly, unlike Newtonian physics, the resultant solution for n bodies is
no longer a simple superposition problem. Secondly, the numerical convergence and stability
can be more computationally strenuous. A detailed study which discussed the numerical tech-
niques needed to solve Poisson equations on a grid has been provided in Li et al. (2013). The
techniques outlined in Li et al. (2013), which used the Newton-Gauss-Seidel numerical relax-
ation method to solve the scalar field Poisson equation, were adopted. Below, the essential
equations from Li et al. (2013) which were used to solve the two body problem are reviewed.
The first step taken by Li et al. (2013) to solve the dimensionless scalar field Poisson Equa-
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tion, Eqn 2.23, was to manipulate it into a quadratic equation in terms of ∇˜2ϕ˜,
∇˜2ϕ˜ = 1
2 (1−w)

−3β1 + β1|β1|
q
9β21 + 4 (1−w)Σ

(2.33)
where
Σ≡  ∇˜i∇˜ jϕ˜2 −w  ∇˜2ϕ˜2 + 3β1Ωm0
β2
ρ˜. (2.34)
Being a quadratic equation, two solutions were expected, which was taken care of by the extra
β1|β1| (Li et al., 2013). This extra factor automatically chose which of the ± solutions should
be taken such that where the matter density of an astrophysical object tended to zero, the
scalar field Laplacian also tended to zero. The extra parameter, w, was added to help with
convergence (Li et al., 2013). It was this equation which was solved iteratively to yield the
scalar field solution. The discretized form of this equation can be found in Li et al. (2013).
Stopping the Relaxation
The code was stopped when the scalar field solution was deemed to have converged. There-
fore, some convergence criteria must be set. It was chosen that when, between two relaxation
levels, the deviation of the scalar field solution was sufficiently small, the system was relaxed.
I.e. when
|ϕ˜n+1i jk − ϕ˜ni jk|< tol (2.35)
where ‘tol’ was some small number. If ‘tol’ was chosen to be two high, the code would stop
before an appropriate solution was found. Different values of tol were tested, with the conse-
quences of changing its value being shown in the following section.
2.2.5 Checking the solutions
In order to be convinced that the code was working, the scalar field output had to be checked.
Results for the one and two body cases are shown below.
One Body
As mentioned, the Galileon fifth force can be analytically derived when working in spherical
symmetry. Therefore, to test that the code was working, the initial guess which was input
into the Galileon Poisson solver was set 10% away from the correct value. If the relaxation
routine was working, the code should have been able to recover the initial guess before the
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10% adjustment was made.
To show whether the convergence was successful, the density profile computed from the
scalar field Poisson was compared to the analytical density profile which was used. Specifically,
the ratio of ρana/ρcode should be 1 where ρana is derived from Eqn 2.26 and ρcode is derived
from
ρ˜code =
β2
Ωm
∇˜2ϕ˜ + 1
3β1
 ∇˜2ϕ˜2 −  ∇˜i∇˜ jϕ˜2 , (2.36)
which is just a rearrangement of 2.23.
In Fig 2.4 the ρana/ρcode ratio is shown, one which has not converged (satisfying a ‘tol’
value which was too high) and one which is deemed to have converged within appropriate
error margins. Choosing tol = 10−7 finds a result which has converged to a reasonable level
(recovered density is within 1% of input density) compared to tol = 10−4.
Two Bodies
The similar procedure was carried out for the two body case. The main difference was that
the initial guess was set to be the solution to the cluster, with no galaxy contribution. The
relaxation routine then found the correct solution, which included the galaxy contribution to
the scalar field. The density ratio ρana/ρcode for the two body case is shown in Fig 2.5.
2.2.6 Comparing to Newtonian Result
The final aspect which needs to be addressed is combining the fifth force with the Newtonian
force. This is done via Eqn 2.24. To simplify the calculation, rather than showing the gravita-
tional acceleration profile, the fifth force is thought of as a phantom dark matter. The effect
of the modified gravity can be thought of, in Newtonian terms, as a phantom mass. This is
determined by calculating what the total mass of the system would be, if Newtonian dynamics
were valid. Specifically, in code units,
ρ˜gal phantom =
ζ2c3
4piG˜
∇˜2ϕ˜ (2.37)
such that
ρ˜Total = ρ˜N + ρ˜gal phantom. (2.38)
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Figure 2.4: Plot showing the ratio of the matter density as described by Eqn 2.26 and the matter density
distribution predicted by the scalar field, Eqn 2.36 for the 1 body case. Top plot shows a code run with
tol = 0.0001 and bottom plot shows a code run with tol =10−7 (see Eqn 2.35). The ratio of these two
densities should be approximately 1. In the top plot, the ratio is clearly not one, meaning the scalar
field solution has not relaxed sufficiently. The bottom plot is much closer to 1, meaning the code is
relaxed. This can be improved by decreasing tol and/or decreasing the step size.
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Figure 2.5: Same as Fig 2.4 for the two body run. Notice the asymmetry in these plots, meaning one
side is relaxing faster than the other. This is due to the boundary condition approximation being more
accurate for high z radii compared with low z radii. The reason for this is that the centre of the large
body is at z ≈ 1 so the scalar field solution is dominated more by the cluster for z>0 compared with
z<0.
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Figure 2.6: Plot showing ratio of the effective ‘total’ density, given by Eqn 2.38 and the Newtonian
density given by Eqn 2.26. If the ratio is 1 then there is no deviation from Newtonian physics. The ratio
increases with distance from the cluster centre which shows that the Galileon fifth force is becoming
important, thus the total gravity is deviating from Newtonian. This run was with tol = 10−7.
The ratio ρ˜Total/ρ˜N could then be determined to find the deviation from Newtonian physics.
The results for the one body run is shown in Fig 2.6 and the two body run in Fig 2.7.
The one-body run showed a deviation from Newtonian gravity of approximately 14% at the
box edge where as the deviation in the two body run was closer to 80%. The large difference
between the one-body and two-body run is due to the size of the box and the position of the
box compared to the galaxy cluster centre. It should be noted that in the two-body run, the
peak is very far away from the centre of the small body and most likely it would be hard to
make any observational test at that radius. The virial radius of the small object was deduced
to be approximately 60 kpc, which translates to a code length of 0.03 units. Therefore, the
deviation at the virial radius for the small body is closer to 10%. A fairer comparison might
be to show the deviation at a function of r/rvir .
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Figure 2.7: Same as Fig 2.6 for the two body case. Top plot is the solution of a grid size 50x50x50 and
bottom plot is the solution for a grid size 100x100x100. The virial radii of the galaxy is approximately
z = ±0.03.
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In the one body case, the total density rises monotonically with radius whereas the two
body case reaches a peak and decreases again for high value of z, but increases monotonically
for low values of z. This is due to the scalar field force being suppressed by the Vainshtein
screening closer to the centre of the cluster (z ≈ 0.5).
2.2.7 Brief Conclusions
In this Chapter the procedure to calculate the Galileon predicted deviation from Newtonian
physics was outlined, with results shown for simple test cases.
It was shown that for the one-body case, the deviation for Newtonian gravity was approx-
imately 10-15 %. This is in line with the results of Barreira et al. (2015b) who predicted a
cubic Galileon enhancement of ≈ 20 - 40 % for distances of 2 - 20 Mpc/h. In the two-body
run, the deviation at the edge of the galaxy was also shown to be approximately 10%.
The validity of these preliminary results must be rigorously tested. Tests include varying
the box size, the grid size and ensuring the approximations made to set the boundary condition
are consistent and accurate.
The application and future prospects of this work will be to eventually calculate Roche
lobes and tidal radii in the Galileon framework. Between two bodies, there is a point where
the net force is zero, taking into consideration the centripetal force. The fact that the cen-
tripetal force is taken into consideration means that this point is different to the point where
the net gravitational acceleration is zero. The distance to this point is known as the Roche
radius. This radius is important with regards to two body interactions, specifically tidal strip-
ping/destruction. As the gravitational force essentially defines this point, it has been proposed
that Roche radii could be used to test modified gravity theories. This has been done in MOND
(Zhao, 2005; Zhao & Tian, 2006), but could be done in Galileon gravity, quantifying the dif-
ference between the Newtonian predicted Roche lobe and the Galileon prediction. The code
written could be slightly adapted to include this centripetal component, allowing Roche radii
to be computed.
This two-body set-up could be further extended by applying the Galileon paradigm to the
UDG data from Chapter 4, determining the total mass-to-light ratio, taking into consideration
the force fifth force. Many other applications are possible since the code was written in 3D.
Improvements to the model might include adding an adaptive mesh rather than a fixed
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grid, making the code robust against objects of a similar mass ratio and making the code
robust against object redshift (the calculations were all performed at z = 0 (a = 1).
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3
Modified Newtonian Dynamics and Galaxy
Clusters
In this chapter, the paradigm of MOND is reviewed, discussing the realisation and formulation,
successes and ongoing issues.
After this, particular attention is paid to galaxy clusters with an investigation into Extended
MOND (EMOND) presented, which is based upon the work of Hodson & Zhao (2017c). There
are also plots included which appeared in Hodson & Zhao (2017b).
The original work which I present here is the construction of toy rotation curves in the
so-called GMOND paradigm, which has not been done before in the literature, and testing and
refining EMOND using existing galaxy cluster data for the first time.
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3.1 Introduction to Modified Newtonian Dynamics
3.1.1 Initial realisation and formulation
Milgrom’s Formula
It was in the 1980s when the idea of MOND was initially proposed by Mordehi Milgrom. In a
succession of three papers (Milgrom, 1983a,b,c), Milgrom outlines a possible paradigm which
could explain away the need for particle dark matter in galaxies by invoking a modification
to Newton’s law of gravitation. By analysing rotation curves, it was noticed that there existed
a transition in galaxies where the dynamics were explained well by Newton’s law and where
dark matter was required. This transition did not occur at a particular radius, but rather a
particular acceleration. Milgrom argued that in high acceleration regions of space, Newtonian
dynamics with baryonic matter was the correct description of gravity, but in low acceleration
regions Newtonian physics broke down and gravitational strength fell proportional to radius,
rather than the square of the radius. This startling revelation was the birth of MOND, leading
to Milgrom’s original formula for gravitational acceleration,
∇ΦN = µ
∇Φ
a0

∇Φ. (3.1)
Equation 3.1, known as Milgrom’s empirical law, was the proposed alternative to Newton’s
gravitational formula. In this equation, ∇ΦN is the Newtonian acceleration, ∇Φ is the total
acceleration, a0 ≈ 1.2×10−10 ms−2 is the proposed acceleration scale, below which Newtonian
physics breaks down, and µ(x) is called the interpolation function which governs the transition
between a r−2 law and a r−1 law. The interpolation function should have the form µ(x) ≈ 1
when x  1 and µ(x)≈ x when x  1. It is then easy to see that when the total acceleration
is much larger than a0 Eqn 3.1 reduces to the familiar Newtonian equation. When the total
acceleration is much smaller than a0, Eqn 3.1 becomes ∇Φ = pa0∇ΦN ∝ r−1, where the
last proportionality is assuming the enclosed mass is constant. This simple modification to
Newton’s law is able to describe the rotation curves of many spiral galaxies with only one local
free parameter, the stellar mass-to-light1.
It now seems appropriate to discuss the MOND interpolation function. Currently, the
MOND interpolation function is put in by hand and empirically constrained. As of yet, a
1a0 also tends to be fitted, but as a global parameter, assuming a0 is constant for each galaxy.
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physical understanding of the interpolation function is yet to be devised, but would require a
better understanding of how gravity actually works with perhaps a quantum gravity descrip-
tion as well. Nevertheless, MOND can still be tested. Many different choices for the form of
the interpolation function have been tested (Famaey & McGaugh, 2012),
µ(x) =
x
(1+ xn)1/n
µ(x) = 1− exp(−x)
µ(x) =
2x
1+ (2−α)x + (1−αx)2 + 4x1/2
µ(x) =
 
1+ 4x2
1/2 − 1
2x
µ(x) = 1− (1+ x/3)−3
(3.2)
where, in the top function, n is a dimensionless number. Currently, the main two constraints
of what is allowed by the data are rotation curves and solar system tests.
Throughout this thesis, the so-called “simple” interpolation function, µ(x) = x/(1+ x), is
used (Famaey & Binney, 2005). This is the n = 1 case for the top function of Eqn 3.2.
Lagrangian Formulation
Although Milgrom’s formula gives a reasonable approximation for the predicted total gravity,
it was not derived from a gravitational Lagrangian. It was quickly shown that Eqn 3.1 did
not conserve momentum (Felten, 1984). Finding a law, derivable from a Lagrangian, would
immediately circumvent this issue. This was done by Bekenstein & Milgrom (1984).
For context, the Lagrangian which describes Newtonian dynamics is written as,
LN = −ρΦN − 18piG |∇ΦN |
2, (3.3)
such that the non-relativistic action is S =
∫ L d3 x d t. Solving the Euler-Lagrange equation,
∂LN
∂ΦN
=∇ ·

∂LN
∂∇ΦN

, (3.4)
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the Newtonian Poisson equation is derived,
∇2Φ= 4piGρ (3.5)
where ρ, in this case, is the matter density of the baryons and dark matter. The MOND equiv-
alent to Eqn 3.3 is
L = −ρΦ− a
2
0
8piG
F
 |∇ΦN |2
a20

. (3.6)
Again solving the Euler-Lagrange equation, the MOND Poisson equation is derived,
∇ ·

∇Φ µ
 |∇Φ|
a0

= 4piGρ (3.7)
where µ(x) = F ′(x2) and ρ is the matter density of the baryons. Equation 3.7 reduces to
exactly Eqn 3.1 in spherical symmetry. The MOND Poisson equation is non-linear and hence
more difficult to solve than the Newtonian equation. Due to its non-linear nature, this inter-
pretation of MOND is knows as AQUAL (A QUadratic Lagrangian) and is still used by MOND
researchers to this day.
Quasi-linear MOND
Although AQUAL is able to determine the MOND predicted gravitational acceleration, the
non-linearity of the equation is not very user friendly. It was more than 20 years later when
Milgrom reformulated the MOND pardigm and proposed QUMOND (Quasi-linear MOND). The
idea behind this formulation was to build a paradigm where the MOND acceleration could
be found simply from the Newtonian density. This involved first integrating the Newtonian
Poisson equation (linear) then secondly using a QUMOND Poisson equation to find the MOND
predicted gravity without integration. This avoids the need to integrate a non-linear Poisson
equation hence the term ‘Quasi-linear’.
The QUMOND Poisson Lagrangian is written,
LQ = − 18piG

2∇Φ∇ΦN − a20Q
∇Φ2N
a20

−ρΦ. (3.8)
In Eqn 3.8, ∇ΦN is the Newtonian gravity, ∇Φ is the total gravity and Q(y2) is a function. As
there are two fields, ΦN and Φ, two equations are required to fully define the paradigm. This
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requires solving two Euler-Lagrange equations. Doing this yield two equations,
∇2ΦN = 4piGρ (3.9)
and
∇2Φ=∇ ·

∇ΦNν
∇ΦN
a0

, (3.10)
such that ν(y) = Q′(y2). Equation 3.9 gives the exact Newtonian Poisson equation to deter-
mine the Newtonian acceleration and Eqn 3.10 a MOND-like Poisson equation, in terms of the
Newtonian gravity, to determine the total gravity. Thus the Newtonian solution can be inserted
into the right hand side of the QUMOND equation to get∇Φ. QUMOND is much simpler to use
than MOND for more complicated mass set-ups and is exactly AQUAL for spherically symmet-
ric scenarios, though is slightly different outside of spherical symmetry. The ν function is the
QUMOND interpolation function with limits ν(y) ≈ 1 when y  1 and ν(y) ≈ y−1/2 when
y  1 and is related to the MOND interpolation function µ(x) via ν(y) = 1/µ(x), y = xµ(x).
3.2 How successful is MOND?
In the previous section the mathematical equations of MOND were outlined. The obvious next
stage is to discuss how successful the formulation is. To do this, this sub-section is divided into
three broad areas; MOND in galaxies, MOND clusters and relativistic MOND.
3.2.1 MOND on the galaxy Scale
Rotation Curves of spiral galaxies
Galaxy rotation curves have undoubtedly been the shining beacon in regards to the success
of MOND on the galactic scale. The ability to reproduce the correct shape and magnitude of
rotation curves is, to this date, one of the best arguments for MOND over Newtonian physics
within galaxies. Some critics argue that the model was designed to explain rotation curves
and therefore has a limited predictive capacity. However, it should be argued that MOND has
reproduced the rotation curves for a wide range of galaxies of varying surface brightness and
size. The general features of low surface brightness galaxies were even postulated before the
data was available. It is for these reasons that MOND’s ability to fit galaxy rotation curves
should still be considered a strong argument in favour of modified gravity.
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One of the earliest tests of MOND and rotation curves was not actually very favourable
to the modified framework. In the work of Kent (1987), where sixteen rotation curves were
analysed, it was found that MOND could reproduce the correct shape for the majority of the
sample, but the galaxies could not be fitted with a universal value of a0. This was almost
immediately refuted by Milgrom (1988) where it was suggested that the result was not correct
due to a lack of care with regards to modelling the gas in these systems.
Since this initial test, MOND has confronted a wide range of galaxy rotation curve data. A
few examples of MOND’s success with rotation curves include Begeman et al. (1991) in which
10 galaxy rotation curves were calculated. It was found that MOND works better than dark
matter with fewer free parameters. Building on this Sanders (1996) and Sanders & Verheijen
(1998) modelled 22 and 30 galaxies respectively in MOND, also finding success. Low surface
brightness (LSB) galaxies were also tested by de Blok & McGaugh (1998). Here, 15 LSB
galaxies were examined, again finding success in MOND. Also, interestingly, the stringency of
MOND was tested as a fake galaxy, which was constructed using data from one galaxy but
photometry from another, was modelled. It was found that dark matter was able to fit a fake
galaxy, whereas MOND could not, highlighting that dark matter had the ability to fit non-
physical data whereas MOND could not. Milgrom & Sanders (2007) also modelled very low
mass spirals in MOND.
A dwarf galaxy, NGC1560, was modelled in MOND by Gentile et al. (2010). The interesting
feature of this object was an observed ‘wiggle’ in the rotation curve. Due to the way in which
MOND works, if there is a dip in the baryonic density, then the total phantom density2 is
also decreased. This is known as Renzo’s rule. In Gentile et al. (2010), both MOND and
dark matter predicted the correct rotation curve shape, but only MOND could reproduce the
observed wiggle. This was and is a very strong argument for MOND over dark matter in
galaxies.
Gentile et al. (2011) also studied 12 objects from THINGS (The HI Nearby Galaxy Survey)
(Walter et al., 2008) which looked at 34 nearby galaxies. THINGS covered different types of
galaxies, but did not include early-types. Gentile et al. (2011) selected their 12 objects by
excluding galaxies whose motions were thought to be not circular and those with irregular gas
2MOND predicts dark matter-like effects without there being a particle dark matter. The additional component is
sometimes referred to as “phantom dark matter”. It is not a physical matter, but an interpretation of the MOND
result.
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distributions. Most of the 12 selected galaxies worked well in MOND, but three did not. Two
of those galaxies also have issues in ΛCDM and the third was speculated to be explained by
either having non-circular motion or being located at a smaller distance than expected.
Overall, MOND is extremely good at describing galaxy rotation curves. However, there are
some recent observational constraints which need to be addressed. Firstly, as the deep-MOND
regime is a 1/r gravity law, at the very edges of galaxies, MOND predicts the rotation curves to
be flat, as seen in the examples mentioned above. However, there do exist declining rotation
curves, rotation curves where the velocity decreases at large radii. This can be explained in
MOND by carefully modelling the external field effect.
The External Field Effect (EFE) is the phenomenon in MOND when the gravitational accel-
eration from an external body affects the internal dynamics of astrophysical objects by raising
the total gravitational acceleration across the body.
In Haghi et al. (2016) a sample of galaxies exhibiting this declining behaviour were mod-
elled in MOND. The external field was modelled as a free parameter along with the stellar
mass-to-light. The reason that the EFE can cause the rotation curve to decrease is that in a
regime dominated by a constant external field, the MOND equation breaks down to Newtonian
gravity with an enhanced gravitational constant. Although the EFE was modelled as a free pa-
rameter, the amount of external field from neighbours to the sample galaxies was estimated
and compared to the best fit external field values. In many cases, the values agreed within the
allowed error margin. A greater understanding of the external field in these regions is needed.
This might be possible thanks to the development of Phantom of Ramses (Lüghausen et al.,
2015) or RayMOND (Candlish et al., 2015) which are QUMOND and MOND patches to the
RAMSES hydrodynamical code (Teyssier, 2002) respectively.
Very recently, high redshift rotation curves emerged (Genzel et al., 2017) showing a steep
decline in the outer regions. The data of these objects is understandably poor at this stage but
it has been argued by Milgrom (2017) that these objects could be compatible with MOND due
to the inferred high internal accelerations.
Dwarf Galaxies
As well as late-type spiral galaxies, MOND must also be able to explain the dynamics of smaller,
dwarf galaxies. It was initially speculated by Gerhard & Spergel (1992) that there were some
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dwarf galaxies which MOND could not explain very well. Specifically dwarf galaxies Draco
and Ursa Minor required dark matter, even after MOND was imposed. Meanwhile the Fornax
dwarf required a very low stellar mass-to-light ratio in order to be compatible with MOND.
This finding was later refuted by Milgrom (1995) after improved data became available. The
story did not end there when Łokas (2001) determined that the Draco and Ursa Minor dwarfs
were still not compatible with MOND. It was deliberated whether Ursa minor was indeed in
virial equilibrium and thus strong conclusions could not be drawn. Further evidence on the
issue with Draco in MOND was shown in Kleyna et al. (2001); Łokas et al. (2006) and Angus
(2008), where it was shown that the dwarf galaxy Sextans, may also be hard to explain due
to large required stellar mass-to-light. The case of Ursa minor was further complicated by the
finding of Sánchez-Salcedo & Lora (2010) where is was found that it might be incompatible
with both MOND and ΛCDM.
In short, MOND has had a mix of success and shortfalls with regards to dwarf galaxies,
although the results are promising. It is also evident that very accurate data is important
before firm conclusions can be made.
An entirely different line of research studied the distribution of dwarf satellite galaxies
around the Milky Way. It was found that the Milky Way satellite galaxies lie in a tight ring,
dubbed the Vast Polar Structure (VPOS) (e.g. Pawlowski et al., 2012). It was also found that the
Andromeda galaxy has a similar structure. The fact that both the Milky Way and Andromeda
exhibit this feature raised the question that perhaps a past encounter between the two galaxies
formed the ring. This is a very important question as a past encounter has been shown to be
plausible in the MOND framework, but not in ΛCDM (Zhao et al., 2013). It should be pointed
out for balance that there have been recent studies which investigated whether the VPOS is
actually an issue in ΛCDM (e.g. Lipnicky & Chakrabarti, 2016). It was argued that the VPOS
may not be a stable structure. Satellite orbits were integrated back in time and it was concluded
that the VPOS vanishes. The VPOS argument is still ongoing from both a MOND and ΛCDM
perspective.
Further to research of the VPOS, recent work has aimed to analyse the issue of some ob-
served high radial velocities of some dwarf galaxies. Recent work simulating the Local Group
in ΛCDM has determined predictions for the radial velocities of some local group galaxies
(Banik & Zhao, 2016). It was argued that the simulated velocities are much smaller than that
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observed galaxies. This was expanded to a full 3D problem in Banik & Zhao (2017) with the
same conclusions found, i.e. a discrepancy between the simulated and observed radial veloc-
ities. These works suggest that the ΛCDM model can not explain the observed dynamics of
the satellite galaxies without a past encounter between the Milky Way and Andromeda. This
is hard to explain in the context of ΛCDM as, due to dynamical friction, the most probable
outcome is that the two galaxies would have merged. It is further argued that MOND or a
MOND-like theory, which assumes no dark matter, would be better suited to rectify this radial
velocity problem. This could be a severe problem in ΛCDM and must continue to be carefully
analysed.
Early-Type Galaxies
After discussing late-type galaxies and dwarf galaxies, the natural progression is to discuss the
compatibility of MOND and early-type galaxies (ETGs). In the early days of MOND (in the
1980s), early-type galaxies were studied less than late-types, mainly due to the lack of obser-
vations. However, since then observations have improved and there exists some good early-
type galaxy data, from which MOND could be tested. Firstly, after the work of Romanowsky
et al. (2003) discussed that a sample of early-type galaxies could be explained by only invok-
ing a small amount of dark matter, Milgrom & Sanders (2003) demonstrated how this result
was easily explained within the MOND paradigm due to the high internal accelerations of the
ETGs3.
Several years later, Weijmans et al. (2008) showed that the mass of an elliptical galaxy, NGC
2974, could be explained in the MOND paradigm, though a pseudo-isothermal dark matter
halo was a better fit. In 2011, a sample of approximately 9000 ETGs was studied and found to
be consistent with MOND (Cardone et al., 2011). X-ray observations of two elliptical galaxies,
NGC 720 and NGC 1512, allowed mass modelling of the baryons (and dark component) out to
very large radii (Humphrey et al., 2011). This allowed these two objects to be studied in the
context of MOND (Milgrom, 2012). Both galaxies were found to be compatible with MOND,
apart from some inconsistency in the central regions of one of the galaxies, speculated to be
resulting from a breakdown of hydrostatic equilibrium. early-type galaxies from the ATLAS3D
3The low stellar velocities in these objects can be explained in a dark matter paradigm if the orbits are very elon-
gated, possibly resulting from the merger of the progenitor galaxies (Dekel et al., 2005). Work of de Lorenzi et al.
(2009) also shows that one of the elliptical galaxies, NGC 3379, can be fit well by a range of models with different
halo masses, anisotropies, shapes and inclinations. It is clear that the dark matter content in this galaxy is still
under dispute.
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(Cappellari et al., 2011) and SAURON (de Zeeuw et al., 2002) surveys have also been shown
to be in agreement in MOND, see Tortora et al. (2014) and Tian & Ko (2016) respectively.
However, the ATLAS3D study showed that MOND could not be compatible with a universal
initial mass function (IMF) and could only be successful if a varying IMF was imposed.
The above works suggest that MOND passes the test of ETGs, but clearly more work will
need to be conducted as the data increases and improves.
Observational Arguments for MOND
There are some observational relations which connect astrophysical objects on the galactic
scale including the “Baryonic Tully-Fisher relation" (BTFR) (e.g. McGaugh et al., 2000), which
is a relationship between the baryonic mass and the rotation velocity of a galaxy (v∞ ∝
M1/4) and the “Mass Discrepancy Acceleration Relation" (MDAR) (e.g. McGaugh, 2004), which
is a relationship between the internal gravitational acceleration and the amount by which
dynamics deviates from Newtonian gravity (with baryons only). These two relationships are
summarised in Figures 3.1 and 3.2, adapted from Famaey & McGaugh (2012).
The natural way in which these relations arise in MOND is one of the strongest arguments
for a MOND-like gravity law compared to Newtonian gravity plus dark matter. In MOND,
the acceleration law is aN = µ(x)a. In low acceleration environments, where µ(x) = x , the
law simplifies to a = paN a0. Inserting the definitions of rotation velocity and Newtonian
acceleration into this simple law makes the relation V ∝ M4b , which is exactly what is seen in
Fig 3.1. Also, starting back at aN = µ(x)a or a/aN = 1/µ(x), the expression (V/Vb)2 = 1/µ(x)
is found. As µ(x) ≈ 1 in high acceleration environments, V/Vb ≈ 1. When the internal
acceleration decreases, µ(x) decreases and therefore V/Vb increases. This is exactly what is
seen in Fig 3.2.
A recent study (Di Cintio & Lelli, 2016) claimed that the MDAR and BTFR arise within the
ΛCDM context. It was found that there were still issues with low mass objects but the general
features of the MDAR and BTFR were recovered. However, the results of this study have been
refuted, stating that there is some issue reproducing the correct scatter and normalisation (Lelli
et al., 2016; Desmond, 2017).
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Figure 3.1: Illustration of the Baryonic Tully-Fisher relation which relates disk galaxy rotation outer
velocity at the radius where the enclosed density is approximately 100 times the critical density of
the universe and the baryonic mass. Milgrom’s formula (Eqn 3.1) predicts this trend. This figure was
adapted from Famaey & McGaugh (2012).
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Figure 3.2: Illustration of the Mass Discrepancy Acceleration Relation (MDAR) which shows an ob-
served trend that the amount of dark matter required by a system correlates with the internal grav-
itational acceleration. V is the observed velocity and Vb is the predicted velocity using Newtonian
dynamics and baryonic matter. Top panel shows that the amount of dark matter is not related to radial
extent. Bottom two panels show the total and Newtonian accelerations respectively. This figure was
adapted from Famaey & McGaugh (2012).
62
3.2. How successful is MOND?
3.2.2 Relativistic MOND
The most challenging obstacle which MOND faces is the development of a relativistic extension
which has comparable success to that of General Relativity (GR). There have been several
attempts to do this with varying levels of success. Below is a short discussion of relativistic
MOND highlighting shortfalls and successes.
RAQUAL
The first attempt at making a covarient MOND theory was that of Relativistic AQUAL (RAQUAL)
(Bekenstein & Milgrom, 1984). The RAQUAL formulation included a scalar field coupled to
gravity. This early attempt faced several issues ranging from super-luminal propagation of the
scalar field (Bekenstein & Milgrom, 1984) to the inability to correctly account for gravitational
lensing. As a result, RAQUAL was quickly ruled out as a viable relativistic MOND candidate.
Tensor-Vector-Scalar-Gravity
After RAQUAL, some attempts were made to try and patch up some of the aforementioned
issues with relativistic MOND. These attempts included Phase Coupling Gravity (PCG) and
“Stratified" theories of gravity (Sanders, 1997). The stratified framework introduced a vector
field, as well as the RAQUAL scalar field, to try and improve upon the results from RAQUAL.
The PCG formalism aimed to fix the super-luminal propagation of the scalar field, as occurs in
RAQUAL. These both had successes and shortfalls.
In 2004, Jacob Bekenstein proposed a relativistic paradigm called Tensor-Vector-Scalar
gravity or TeVeS for short which encompassed aspects of both PCG and the stratified theories
of gravity. The TeVeS paradigm was the first relativistic MOND paradigm which seemed to be
able to explain gravitational lensing whilst fixing some of the issues with PCG and the stratified
theories. If nothing else, the TeVeS formulation proved that it was possible to construct a
relativistic theory which, in the non-relativistic limit, produced the MOND paradigm.
The first application of TeVeS was by Chiu et al. (2006) in which the cosmological model
and lensing models were developed. In this work only point mass lenses were considered
for simplicity. This was then built upon by Zhao et al. (2006) where extended masses were
considered. Lensing data was used to test the viability of TeVeS, specifically quasar-galaxy
lenses from the CASTLES sample (Muñoz et al., 1998). The results of Zhao et al. (2006)
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found that TeVeS predicted reasonable lensing for most of the sample. A few galaxies required
a different baryonic mass than was expected to achieve a reasonable fit.
Other works on TeVeS include strong lensing (Chen & Zhao, 2006), non-sphericity studies
(Angus et al., 2006; Shan et al., 2008) and galaxy cluster works (Feix et al., 2008; Natarajan
& Zhao, 2008; Feix et al., 2010). For a review on TeVeS, discussing the maths and more detail
about the formalism in general see, for example, Bekenstein (2011).
The main shortfall of TeVeS is that its foundation is built on reproducing MOND in the
non-relativistic limit, which has been shown to be incompatible with galaxy clusters (see Sec
3.2.3).
Bi-metric MOND
Taking a completely different approach to TeVeS, Milgrom proposed an alternative relativistic
MOND paradigm called Bi-metric MOND (BIMOND) (Milgrom, 2009). As mentioned, in GR,
the Einstein field equations are determined from a metric tensor. In BIMOND, there are two
metric tensors describing different parts of the space-time. Each one of these metrics will have
its own Christoffel symbol (see Fig 1.5). The Christoffel symbol is in actual fact not a tensor,
but the difference of two Christoffel symbols is a tensor. Therefore, the idea was to construct
tensors from the Christoffel symbols derived from BIMOND’s two metrics. The reason for
this was that metrics are analogous to gravitational potentials and the Christoffel symbols,
being composed of first derivative terms of the metric, are therefore analogous to gravitational
accelerations. Thus the two metrics allowed acceleration tensors to be constructed. This was
all motivated by the fact MOND is an acceleration based theory.
The interesting aspect in this theory is that it naturally has a term appear in the equations of
motion which acts like a cosmological constant (Milgrom, 2009). It would be very promising if
the solution to the missing mass, in a relativistic MOND paradigm, also explained dark energy.
Furthermore, although there is a second metric, there are no additional scalar and vector fields
present.
BIMOND has undergone very little testing or analysis as of yet, with some purely theo-
retical studies on general consequences of the theory, gravitational waves and cosmological
fluctuation growth (Milgrom, 2010a,b, 2014). There has also been one study which set out to
understand the cosmological predictions in BIMOND (Clifton & Zlosnik, 2010). They found
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that the cosmological constant-like term was consistent with the required value for dark en-
ergy. However, it is speculated that non-baryonic dark matter-like effects or additional fields
might be required to be consistent with observation.
BIMOND has some promising features and should be studied more rigorously. However,
the resulting equations are quite complicated which could be considered off-putting.
3.2.3 MOND and galaxy clusters
MOND has not had a very good track record with galaxy clusters (?). The main issue is that
the internal accelerations of the baryons in the clusters is relatively high. This means that
MOND predicts, at most, a small boost to gravity. Galaxy clusters are known from lensing
and hydrostatic equilibrium arguments to be dark matter dominated. The contention between
classical MOND and galaxy clusters open up four possibilities,
1. MOND is ruled out
2. There is a vast amount of baryons which have not been detected
3. There exists a dark matter component in clusters which is not present in galaxies
4. Classical MOND is a limit of a more general gravity theory which can account for clusters
Although option 1 is a real possibility and option 2 would require observational proof,
options 3-4 should be given careful consideration and hence will be discussed in detail.
Research into the possibility of hot dark matter has been explored fairly rigorously. The
reason that hot dark matter was explored is that if it were cold, then it should clump on the
galaxy scale. As MOND works well in galaxies, there is no need for dark matter and thus
additional dark matter effects are not desired.
First postulated by Sanders, one possible solution was the idea that neutrinos may be the
key to the MOND-cluster problem. Tested by Angus et al. (2008) with a sample of galaxy
clusters and groups, it was found that the 2 eV neutrino, which was postulated by Sanders
was not a viable candidate. Although the 2 eV neutrino could explain the mass discrepancy in
the outer part of the cluster, the inner part remained a problem.
Sterile neutrinos were then investigated by Angus (2009). This was able to account for the
mass discrepancy in galaxy clusters in the context of MOND. However, cosmological simula-
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tions did not support this partnership. It was determined by Angus & Diaferio (2011); Angus
et al. (2013) that a universe with sterile neutrinos, governed by MOND dynamics, would pro-
duce too many large halo structures. Neutrinos of masses 11 - 300 eV were tested. Therefore
the neutrino solution has some unresolved issues.
3.3 Generalised MOND
3.3.1 Formulation
It has been clearly shown that if there is no dark matter within galaxy clusters, the MOND
paradigm cannot explain the observed properties. Therefore, if MOND is to be a viable model,
some additional modifications have to be made to the formalism. Any change to the MOND
paradigm must preserve the success which MOND has in describing galaxy rotation curves.
Therefore key differences between the environments of galaxies and galaxy clusters must be
identified in order to speculate why galaxy clusters do not work in MOND.
One possible solution to the Cluster problem was proposed by Khoury (2015). The main
idea of this was to supplement the Newtonian predicted gravity with a scalar field, governed
by a MOND-like Poisson equation, but slightly modified. Whereas in MOND, there are two
regimes of gravity, Newtonian and deep-MOND such that Newtonian gravity is recovered in
high acceleration environments, in GMOND there is a third regime for clusters (Khoury, 2015),
∇ΦN =∇Φ−∇φ˜ =

∇φ˜
A0
∇φ˜ for A0f ∇φ˜ (in Galaxies)
1
f ∇φ˜ for ∇φ˜ A0f (in Clusters).
(3.11)
In Eqn 3.11, A0 is a dynamic scale acceleration, analogous to MOND’s a0, f is a dynamic
dimensionless number and φ˜ is a scalar field. Therefore if the values of A0 and f are dependent
on environment, MOND could be recovered in galaxies and clusters would be described by case
2 of Eqn 3.11.
The next question is; how does the scalar field evolve? As mentioned, the scalar field is
described by a MOND-like equation. The scalar field is described by a Lagrangian (Khoury,
2015),
LGMON D = M2pl a20 F(Y )− φ˜ρb, (3.12)
where Mpl is the Planck mass and Y ≡ −(∇φ˜)2/A20 and ρb is the baryonic matter density.
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The function F(Y ) was chosen by Khoury (2015) to have the behaviour F(Y )→−2/3(−Y )3/2
when |Y |  1/ f 2 and F(Y )→ Y / f when |Y |  1/ f 2. Applying the Euler-Lagrange equation
to this yields
∇ · F ′(Y )∇φ˜= 4piGρb, Y ≡ −(∇φ˜)2A20 (3.13)
such that the total gravitational potential is given by
Φ= ΦN + φ˜ (3.14)
This is very similar to Eqn 3.7. The difference with GMOND is the form of the function F(Y ).
An example function, given in (Khoury, 2015) for F(Y ) was,
F(Y ) =
Y
f
√√√
1−

2 f
3
2
Y . (3.15)
The final aspect to discuss is the choice of parameters A0 and f . No dynamical mechanism
was proposed in Khoury (2015) for the evolution of these two parameters. However, estimates
of what the parameters must approximately be were given. The fact that regular MOND de-
scribes rotation curves well means than within galaxies, A0 must be close to a0. On top of this,
f must be defined such that in galaxies Eqn 3.11 should be in the galaxy limit, not the cluster
limit. Therefore Khoury (2015) suggested that f § 10 in galaxies. In clusters, it was proposed
that A0 ≈ 2cH0 ≈ 11a0 and f ≈ 6.
3.3.2 Analytical GMOND solution
The functional form of F(Y ), given in Eqn 3.15, is clearly more complicated than MOND’s
simple interpolation function. Due to the increased complexity, initially the GMOND Poisson
equation (Eqn 3.13) was solved numerically. However, there does exist an analytical solution
under the assumption of spherical symmetry.
Making the assumption of spherical symmetry, Eqn 3.13 was recast into
F ′(Y )dφ˜
dr
=
GM(r)
r2
, (3.16)
where M(r) is the enclosed mass. By using the functional form of F(Y ) from Eqn 3.15, F ′(Y )
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was found to be,
F ′(Y ) = 1− 3T1Y
2 f
p
1−T1Y , (3.17)
where T1 ≡ (2 f /3)2. Inserting Eqn 3.17 into Eqn 3.16 allowed a sixth order equation to be
solved analytically for dφ˜/dr, with the result being,
dφ˜
dr
=
√√√√−4T2
9T1 +
25/3T 22
9T 1/34
+
21/3T 1/34
9T 21
+
25/3T 23 T2T1 f 2
3T 1/34
(3.18)
where
T2 = A20 (3.19)
T3 = GM(r)r2 (3.20)
T4 = 4T 32 T 31 + 3
p
3T5 + 45T 23 T 22 T 41 f 2 (3.21)
T5 = 8T 23 T 52 T 71 f 2 + 59T 43 T 42 T 81 f 4 − 16T 63 T 32 T 91 f 6. (3.22)
Therefore, given a baryonic mass distribution, the scalar field gradient can be determined and
thus the total gravitational acceleration can be found by taking the gradient of Eqn 3.14. It
should be made clear that when solving a sixth order equation, there are six solutions and care
had to be taken to choose the physical branch.
3.3.3 An example with galaxies
There has been very little testing of GMOND since its conception. It is speculated that the
lack of a dynamical mechanism for the two theory, f and A0, parameters has perhaps stopped
further research at this stage.
To illustrate the GMOND modification to MOND, a simple toy model of a galaxy was con-
structed. This was done by assuming a galaxy of mass Mh = 1010 M and scale length of h = 3
kpc. As a brief reminder, the Hernquist mass distribution is defined as M(r) = Mhr2/(r +h)2.
Rotation curves were constructed by using the formula vr(r) =
p
r ∇Φ where ∇Φ is the total
gravitational acceleration including both the scalar field, ∇φ, and Newtonian, ∇Φ, forces.
To show the difference from regular MOND, the rotation curve predicted from using the
simple interpolation function was also calculated. The results are shown in Fig 3.3 for two
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Figure 3.3: Plot showing the predicted rotation curve in GMOND (blue curve) and regular MOND (red
dashed line). Top panel has GMOND parameters A0 = a0 and f = 10. Bottom panel has GMOND
parameters A0 = a0 and f = 100. Both curves have a baryonic mass Mh = 1010 M and a scale length
h = 3 kpc.
parameter choices. In both cases, A0 has been set to the MOND acceleration constant, a0 =
1.2×10−10 m2s−2. The top panel of Fig 3.3 is for a choice of f = 10 and the bottom panel for
f = 100.
By choosing a larger value of f , the system was forced to be fully within the MOND limit
of GMOND. Therefore both the MOND and GMOND curves in the bottom panel of Fig 3.3
show similar shapes. The difference in magnitude was simply a result of the GMOND theory
formulation in which the Newtonian force is added on top of the the scalar field force, whereas
the MOND equation which was solved does not have this feature4. Choosing f = 10 gave a
4It should be noted that MOND can be written as a scalar field theory or GMOND could be reformulated to behave
like MOND.
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Figure 3.4: Plot showing the Newtonian gravitational acceleration as a function of radius. The coloured
lines represent the chosen value for A0 (magenta dashed line) and the value of A0/ f
2 for f = 10 (red
dashed line) and f = 100 (blue dashed line). This plot demonstrates the transitioning between GMOND
regimes.
slightly different result than compared to the f = 100 model in the outer radii. The reason
for this is that the transition from being in the MOND regime and the so-called cluster regime
is governed by how the value of the total gravitational potential, ∇Φ, compares to the ratio
A0/ f . This can be equivalently thought of in terms of the Newtonian potential ∇ΦN being
compared to A0/ f
2. A smaller value of f increases this ratio, resulting in the GMOND cluster
regime to occur in higher acceleration environments. This gives rise to the declining rotation
curve seen in the bottom panel of Fig 3.3 as GMOND begins to transition from a 1/r gravity
law to a 1/r2 gravity law. This is highlighted by showing a plot of the Newtonian gravitational
acceleration as a function of radius with the values of A0/ f
2 for both choice of f over-plotted
(Fig 3.4).
The black solid line in this Figure is the Newtonian acceleration. It is clear that the New-
tonian acceleration is much larger than the blue dashed line, which shows A0/ f
2 for the
f = 100 case, and much less than A0 shown by the magenta dashed line. This shows that
for f = 100, the toy galaxy is almost entirely within the MOND regime, except within approx-
imately 5 kpc where it is in the intermediate regime between Newtonian and deep-MOND. For
the f = 10 case at around 20 kpc, the Newtonian acceleration becomes comparable to A0/ f 2,
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hence GMOND predicts that the transition to a 1/r2 should begin to take place, as shown by
the declining rotation curve.
This formalism will be tested with some cluster data in Chapter 5.
3.4 Extended MOND and Galaxy Clusters
Introduction to Extended MOND
The main issue with GMOND, at this stage, is the lack of a full theory with regards to the
dynamical nature of the parameters f and A0. An attempt to understand the physics of why
MOND might break down in galaxy clusters was attempted in Zhao & Famaey (2012). It was
noticed in this work that one key difference between galaxies and galaxy clusters is that the
potential well of galaxy clusters is much deeper than galaxies. It was speculated by Zhao
& Famaey (2012) whether a modification to the MOND scale acceleration in deep potential
wells can help rectify the discrepancy between MOND and observation. The idea behind this is
that if the acceleration scale is much higher in clusters, a breakdown of Newtonian dynamics
can occur at higher accelerations. A paradigm was proposed to model this, which was called
Extended MOND (EMOND).
The EMOND paradigm altered the MOND Lagrangian, Eqn 3.6, by making the transforma-
tion a0→ A0(Φ). Applying this new Lagrangian to the Euler-Lagrange equations, the EMOND
Poisson equation was derived to be,
4piGρb =∇ ·

µ
 |∇Φ|
A0(Φ)

∇Φ

− T2, (3.23)
where
T2 =
1
8piG
d(A0(Φ))2dΦ
 yF ′(y)− F(y) . (3.24)
In Eqns 3.23 and 3.24 ρb is the baryonic mass density, Φ is the total gravitational potential,
A0(Φ) is the EMOND scale acceleration function and F ′(y) = µ(
p
y).
Equation 3.23 is essentially the MOND Poisson equation with a modified scale acceleration
and an additional term, T2. It was argued in Zhao & Famaey (2012) that the additional term
is small in galaxy clusters and can be neglected. Thus Eqn 3.23 can be simplified in spherical
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symmetry to be,
∇ΦN = µ
 ∇Φ
A0(Φ)

∇Φ. (3.25)
Although proposed as a solution to the issues MOND has in galaxy clusters, EMOND was left
untested with no attempt made to determine whether it was a viable candidate to replace
MOND. Therefore one project conducted within this PhD was to apply EMOND to a sample of
galaxy clusters.
3.4.1 Dynamical Mass of Galaxy Clusters
Before it could be determined whether EMOND worked in clusters, the question “how is the
amount of inferred dark matter in galaxy clusters determined?" had to be answered. One
method is inferring the amount of mass from gravitational lensing, both strong and weak.
Alternatively, it is possible to understand the total inferred mass of a galaxy cluster from the
dynamics of the cluster gas. This is a common technique used in many studies, but the equa-
tions and method are reviewed here for completeness.
Assuming that the gas is in hydrostatic equilibrium, the pressure gradient (∇P(r)) of the
gas should balance the total gravity of the cluster,
dΦd yn(r)
dr
=
GMd yn(r)
r2
= − 1
ρg(r)
dP(r)
dr
= − 1
ρg(r)
d
dr

ρg(r)kT (r)
wmp

. (3.26)
In Eqn 3.26, w≈ 0.609 is the mean atomic weight, mp is the proton mass, k is the Boltzmann
constant, ρg(r) and T (r) are the gas density and temperature and Φd yn(r) and Md yn(r) are
the dynamical potential and mass of the galaxy cluster, which is the total mass of the cluster
assuming Newtonian dynamics. In ΛCDM, the dynamical mass should be consistent with the
amount of baryons + dark matter in the system. For MOND (or a MOND-like theory), the
dynamical mass should be comparable to the baryons + phantom dark matter. The term in
the square brackets is found by assuming the gas is an ideal gas, governed by the ideal gas law
equation of state. Equation 3.26 can be expanded and rearranged into the common form,
Md yn(r) = −kT (r)rGwmp

d lnρg(r)
d ln r
+
d ln T (r)
d ln r

. (3.27)
Therefore, given the gas density and temperature, the total dynamical mass of the galaxy clus-
ter can be estimated. This can then be compared to the mass derived from the gravitational
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paradigm by solving the Poisson Equation, to determine whether they are consistent. There-
fore the gravitational mass must be defined. This is done by taking the total gravitational
acceleration, derived by solving the Poisson equation, and determining the implied mass, if
Newtonian gravity were true. This is simply,
Mgrav(r) =
r2
G
dΦ
dr
(3.28)
where dΦ/dr in this case is the total gravitational acceleration.
3.4.2 The Galaxy Cluster Sample
In order to model galaxy clusters in EMOND, a galaxy cluster sample must be chosen. A sample
of 12 clusters from Vikhlinin et al. (2006) (Hereafter V06) was chosen, which is a sub-sample
of the Angus et al. (2008) work. The reason that this sample was selected was simply that V06
provided analytical fits to both the gas density and the temperature, the clusters were deemed
to be relaxed and they had also been examined in the context of MOND (Angus et al., 2008).
The sample consists of Chandra observed galaxy clusters with total masses∼ 1014 − 1015M
and redshifts z < 1. The baryonic component of galaxy clusters is predominately composed of
intra-cluster gas with steller mass from galaxies becoming important in the central regions.
The gas density is estimated from X-ray observations of the galaxy cluster. An emission
profile of electrons is deduced and the mass density is inferred, assuming it follows the X-ray
emission. For the sample of V06, the emission profile was modelled via,
ne(r)np(r) = n
2
0
(r/rc)
−α 
1+ (r/rc)
23β−α/2 1(1+ (r/rs)γ)ε/γ + n
2
02 
1+ (r/rc2)
23β2 . (3.29)
Here, ne(r) and np(r) are the number density of electrons and protons respectively, n0 and n02
parametrise the X-ray surface brightness profile5, rc , rs and rc2 are scale radii and α, β , β2, γ
and ε are dimensionless parameters controlling the slopes of the profiles. Essentially, Eqn 3.29
is composed of two so-called β-like profiles, with an additional term to model the steepening
of the brightness profile at r > 0.3r200. This is a very general gas model to try and obtain a
good fit to the gas data. The emission model of Eqn 3.29 has 10 parameters, 9 were left free
5For a simple beta profile, which is cored in the centre, n0 would be the central observed number density of particles
(electrons and protons) in the cluster. As the model of Eqn 3.29 is slightly more complex than a simple beta model,
the meaning of n0 and n02 changes slightly. They can be thought of as normalisation parameters.
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for each cluster and γ = 3.0 was selected as a global parameter for the sample. The table of
parameters can be found in V06. To obtain the gas mass density, it is common to assume that,
approximately, ρg ≈ 1.252mpÆnp(r)(r)ne(r) where mp is the proton mass.
The temperature profile is the next aspect to define. This was done in V06 by assuming
a power-law model, adding in an extra term to model the cooling of the gas in the central
regions of the cluster,
T (r) = T0
(r/rcool + Tmin/T0)
(r/rcool)acool + 1
(r/rt)
−a
((r/rt)b + 1)
c/b
. (3.30)
Here, T0 is a scale temperature, Tmin is the minimum temperature, rcool and rt are scale radii
and a, b, c and acool are dimensionless parameters. Again, the values can be found in V06.
3.4.3 Modelling the Brightest Cluster Galaxy
As mentioned, the gas dominates most of the cluster, but there is still an important stellar
contribution in the central regions, this is due to the brightest cluster galaxy or BCG. The
BCG is a massive galaxy in the centre of a cluster. Unfortunately, the mass of this BCG is not
well constrained. Depending on the source, the mass is approximated by scaling relations of
the total mass of the cluster (e.g. Chiu et al., 2016), or by assuming a mass-to-light ratio and
inferring the mass from the luminosity (e.g. Angus et al., 2008) or even simply by just selecting
a fixed mass and radial extent for every galaxy in a sample (e.g. Schmidt & Allen, 2007). As
the BCG will only affect the central regions of the cluster, conclusions about EMOND’s success
should not be affected too much, with the understanding that the central regions are less
reliable. The scaling relation of (e.g. Chiu et al., 2016) was chosen as an approximation of the
BCG mass,
MBCG = 5.3× 1011

M500
3× 1014M
0.42
M, (3.31)
where M500 is the total mass of the cluster within r500
6. As an approximation, M500 was set to
be the mass of the ΛCDM dark matter best fit NFW model for the clusters, as given in V06. The
reason for this is that due to the temperature and density profiles of the gas, the dynamical
mass can become unreliable at large radii and the NFW profiles, which are analytic, are known
to be a good approximation of the total mass of the clusters.
Once the BCG mass was derived, the radial profile had to be approximated. This was
6The radius where the average density falls to 500ρcri t .
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simply done by assuming that the BCG followed a Hernquist profile,
ρBCG(r) =
MBCGh
2pir (r + h)3
, (3.32)
with scale length h, which was approximated to be 30 kpc.
3.4.4 Applying EMOND to a Galaxy Cluster Sample
In order to test EMOND with a sample of galaxy clusters, a functional form of A0(Φ) has to
be determined. The original work of Zhao & Famaey (2012) proposed some possibilities, but
they were not empirically determined. Therefore the first task is to try and understand how
the EMOND scale acceleration changes with gravitational potential.
One way to try and estimate this it to rearrange Eqn 3.25 for A0(Φ). Assuming the simple
interpolation function, the following expression was derived,
A0(Φ) =
−|∇ΦN ||∇Φ|+ |∇Φ|2
|∇ΦN | . (3.33)
Therefore, from Eqn 3.33, if the total and Newtonian gravitational accelerations are known,
it is possible to make a plot of A0(Φ) vs Φ, if Φ is also known. Galaxy cluster mass profiles
are well described by dark matter NFW profiles. Therefore, if the total gravity in Eqn 3.33 is
assumed to take the form of the best-fit dark matter profile, A0(Φ) can be approximated for
each cluster. The results are shown in Fig 3.5 where each coloured line represents a different
cluster from the sample of V06. The clusters seem to follow an exponential-like profile and
thus a proposed functional form of A0(Φ) is over-plotted (red line),
A0(Φ) = a0 exp

Φ
Φ0

(3.34)
where Φ0 is the scale acceleration. For this exponential function, Φ0 is taken to be −15000002
m2s−2. An exponential function was proposed in Zhao & Famaey (2012) and a problem was
identified, being that in very deep potentials, the value of A0(Φ) keeps rising and therefore
astrophysical objects such as black holes and neutron stars might be affected, which is unde-
sirable. To circumvent this problem Zhao & Famaey (2012) proposed that value of A0(Φ) be
truncated when it became too high. The truncation was abrupt and could be improved upon.
Recently, work into a modification of Newtonian laws, with the aim to explain dynamics
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Figure 3.5: Plot showing the required value of A0 according to the EMOND formalism (Eqn 3.33) such
that predicted gravitational acceleration from EMOND matches the dynamically calculated acceleration
(Eqn 3.27) for each cluster in the sample (thin dashed lines). The required value of A0 was plotted
against the NFW gravitational potential as an estimation of the behaviour within the cluster. The shape
takes the form of an exponential function, over-plotted (thick red line) and described by Eqn 3.34. Also
plotted (thick blue line) is the more complicated A0 function described by Eqn 3.35 with a parameter
choice, Φ0 = −27000002 m2s−2 and A0max = 80a0. Note the apparent turnover of A0 at the deepest
potential is an artefact because the total gravitational potential is not just that of an NFW halo as
assumed here.
without dark matter, called refractive gravity was proposed (Matsakos & Diaferio, 2016). Re-
fractive gravity is similar to EMOND, in that it modifies the Newtonian Poisson equation in
different environments, but rather than making the equations dependant on potential depth,
refractive gravity explores a density dependence. Not to detract from EMOND, refracted grav-
ity is not reviewed here. It is mentioned here now as the transition function used in Matsakos
& Diaferio (2016) to modify the gravitational laws can be worked into EMOND, improving on
the exponential function. The transition function used in (Matsakos & Diaferio, 2016) can be
altered to produce the desired physics for the EMOND scale acceleration,
A0(Φ) =
a0 + A0 max x
1+ x
, (3.35)
where in this case, x ≡ (Φ/Φ0)2q. In this equation, q is a dimensionless parameter which
controls the slope of the function, where q = 2 was chosen. A0 max is the maximum value
which A0(Φ) can take. This value should be constrained by a large data analysis, but was
empirically chosen to be approximately 80a0. This line is also over-plotted in Fig. 3.5 (blue
line).
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3.4.5 EMOND Mass Plots
The results for the EMOND mass profile are shown in Figs 3.6 and 3.7. In these plots, the
blue region is the EMOND mass calculated via Eqn 3.28. A band has been included to show
the dependence of the boundary potential used to solve the EMOND equation (Eqn 3.25).
The boundary potential was estimated to be consistent with the predicted potential from the
best-fit NFW profiles7. Although approximate, it was a starting point. Therefore Eqn 3.25 was
integrated from outside, at a radius approximately twice the virial radius (rv), to the centre.
Therefore the boundary potential was set as Φ(2rv) = ΦN FW (2rv). The upper and lower blue
bounds in Figs 3.6 and 3.7 refer to taking the boundary potential to be Φ(2rv) = 1.5ΦN FW (2rv)
and Φ(2rv) = 0.5ΦN FW (2rv) respectively. This provides an insight to the role of the boundary
potential, as this is an estimated property.
The red dashed line in Figs 3.6 and 3.7 are the best-fit NFW profiles from V06. Finally the
black line is the dynamical mass, calculated from Eqn 3.27.
From Figs 3.6 and 3.7, it is seen that EMOND has some success, but is not perfect. Without
doing a full data analysis, it is not possible to quantify how well EMOND has worked with the
cluster sample. Due to modelling restrictions and a lack of full error analysis, this was not at-
tempted. This should be attempted when EMOND is more advanced, specifically, whether the
boundary potential can be determined from a full relativistic theory (see for example Section
3.4.8) and whether the choice of A0(Φ) function can be improved. What can be taken away
from this study is that the gravity has to be boosted much more than was suggested in Zhao
& Famaey (2012) to get the correct order of magnitude to explain the mass discrepancy in
MOND and galaxy clusters.
Some of the clusters which show large discrepancies between the EMOND-predicted mass
and the mass predicted from hydrostatic equilibrium could be due to a poor choice of BCG
model for some of the galaxies, an incorrect boundary potential or a breakdown of hydrostatic
equilibrium or poor data. This modelling was retrospectively redone, see Chapter 4.
7In regular MOND the total gravity can be found analytically. In EMOND, this is not possible and thus the equa-
tion must be solved numerically. As, in spherical symmetry, the EMOND equation is first order, it can be solved
as long as a boundary value is defined. This can affect the value of A0(Φ) hence multiple values are checked.
Understanding this is a critical aspect of EMOND.
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Figure 3.6: Plot showing mass profiles for the EMOND relation for different values for the boundary
potential (blue shaded region). The plot also shows the NFW (red dotted line) and dynamical masses
(black solid line) for clusters A133, A262, A478, A1413, A1795 and A1991.
78
3.4. Extended MOND and Galaxy Clusters
50 100 500 1000
1013
1014
1015
1016
r (kpc)
M
(M ⊙)
A2029
10 50 100 500 1000
1011
1012
1013
1014
r (kpc)
M
(M ⊙)
RXJ1159
5 10 50 100 500 1000
1010
1011
1012
1013
1014
r (kpc)
M
(M ⊙)
MKW4
50 100 500 1000
1012
1013
1014
1015
r (kpc)
M
(M ⊙)
A383
50 100 500 1000
5×10121×10
13
5×10131×10
14
5×10141×10
15
r (kpc)
M
(M ⊙)
A907
100 200 500 1000 2000
1013
1014
1015
1016
r (kpc)
M
(M ⊙)
A2390
Figure 3.7: Same as Figure 3.6 for clusters A2029, RXJ1159, MKW4, A383, A907 and A2390.
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3.4.6 Justifying the Smallness of the EMOND Term
Up to this point, the additional T2 term in Eqn 3.23 has been neglected. This assumption should
be justified. To do this, the right hand side of Eqn 3.23 was solved analytically, assuming the
∇Φ and Φ to take the NFW values. To simplify the problem further, the exponential functional
for of A0 was selected, rather than the step function, although similar results were expected
for both.
Firstly, the MOND F(y) function had to be computed. This is rarely done due to regu-
lar MOND calculations dealing directly with the interpolation function. Remembering that
F ′(y) = µ(py), y ≡ |∇Φ|2/a20 and using the simple interpolation function, F(y) was calcu-
lated to be,
F(y) = −2py + y − 2 log (1+py) . (3.36)
Therefore, the segment of T2 from Eqn 3.24 pertaining to the F terms was determined to be,
yF ′(y)− F(y) = 2
p
y + y
1+py − 2 log(1+
p
y). (3.37)
Finally, as the exponential interpolation function was assumed,
d(A0(Φ))2
dΦ
=
2a20
Φ0
exp

2Φ
Φ0

. (3.38)
Combining the above ingredients of Eqn 3.24, the relevance of the additional EMOND term
was able to be determined. To illustrate this, the predicted Newtonian mass density for one
cluster8 was calculated by solving the right hand side of Eqn 3.23 with and without the T2
term. The results for this are shown in Fig 3.8. The solid and dashed line are the solutions
without and with the T2 term respectively.
For the most part of the profile (¯ 300 kpc), the two densities calculated are almost identi-
cal, indicating that the dismissal of the T2 term is a valid approximation. It was noted, however,
that in the outer radii, the curves started to deviate. The small difference was attributed to the
fact that, although the NFW gives an approximate description of the expected behaviour by
EMOND, it is not entirely compatible with the EMOND formulation. This calculation should
be redone by solving the full EMOND Poisson equation rigorously, but this would require a
8Although other clusters were checked, showing similar differences.
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Figure 3.8: Plot showing the calculated density, predicted by EMOND for cluster A133. Blue dashed line
shows the density with the inclusion of the T2 term (Eqn 3.23) and red line shows the density calculated
from the approximate Poisson equation without the T2 term. The lines are almost identical showing
that the T2 term was indeed justifiably neglected. Note that the small difference in the outer regions
of the cluster was an artefact because the asymptotic potential of NFW is compatible mathematically
with EMOND only if the latter also allows the density dipping into negative at large radii.
more specialised numerical Poisson solver, and is left for future work.
3.4.7 Summary of EMOND in clusters
To summarise the last several subsections, EMOND has some success in rectifying the con-
tention in galaxy clusters compared to MOND. However, there is still much more work which
need to be done to improve the conclusions. Mainly,
1. Understanding the boundary potential
2. Refining the interpolation function and A0(Φ) function
3. Understanding the BCG
4. Rigorously calculating the T2 term using numerical solvers
5. Determining whether a relativistic extension can be formulated
With regards to the boundary potential, the solution to this may not be known until a full
cosmological model has been developed and a study of the large scale predictions has been
conducted. That being said, it is possible to find the value of boundary potential which best
fits the data for a sample of galaxies. Doing this, will hopefully lead to trends or consistency
being established.
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The interpolation function used throughout this study was the simple function. This would
most likely have to be improved upon, given the issues it has with regards to consistency
between galaxy and solar system constraints (Hees et al., 2016). This might consequently
have an impact on the best functional form of A0. Further to this, as the NFW profile was
used to estimate the A0(Φ) function, changing the boundary potential to a best-fit value, as
suggested in the previous paragraph, will have an impact as well.
The stellar component, attributed to the BCG for each cluster was crudely approximated.
In reality, a better method would be to leave the BCG mass and scale length as free parameters
to be fit, the idea being that the best fit parameters are compared to observational constraints
if/when they become available. This is left as an open question for now.
Both the previous points mentioned above will impact the value of the T2 term and thus
this should be re-calculated.
Finally, passing gravitational lensing tests are a must if EMOND is to be taken seriously.
Therefore developing a relativistic formalism should be a key priority. The original work of
Zhao & Famaey (2012) suggested that ingredients from TeVeS could be used to do this, al-
though this has not been rigorously done.
3.4.8 An Example with EMOND and TeVeS
A brief outlook as to how EMOND might be made into a relativistic theory is now of interest.
This can be done in the context of TeVeS, which was indicated in Zhao & Famaey (2012),
though never fully explored. To do this, some of the finer details of TeVeS is discussed. To be
clear, a rigorous derivation of all the equations has not been attempted in this work, but rather
develop a general understanding of how classical MOND relates to TeVeS.
TeVeS Lagrangian
As mentioned in the introduction, TeVeS consists of a tensor, the Einstein metric gµν, a dynam-
ical scalar field, say φ and a vector, say Uµ. The total TeVeS action is composed of a gravity
action, a scalar field action, a vector action and a matter action such that S = Sg+Sφ+SU +Sm.
TeVeS also introduces what is known as the physical metric, g˜µν. The physical metric is cou-
pled to matter and the Einstein metric is coupled to the scalar and vector fields. This means
that a test particle would feel the effects of the physical metric, not the Einstein metric. They
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are linked via,
g˜µν = exp(−2φ/c2)gµν − 2UµUν sinh(2φ/c2). (3.39)
The purpose of this will become clear shortly. Another important relation involves the vector
field, which has the constraint,
gµνUµUν = −1. (3.40)
The Lagrangian for each of the fields are defined such that S =Lp−gd4 x with,
Lg = R
Lφ = a
2
0
8piG

F
 
gαβ − UαUβ∇αφ∇βφ
a20

LU = − K32piG

gαβ gγδ
 ∇αUγ −∇γUα  ∇βUδ −∇δUβ− 2λK  gαβUαUβ + 1
. (3.41)
In Eqn 3.41, λ is a Lagrange multiplier, K is a constant and F(x) is a function.
Quasi-Static Limit Assumptions
To give an idea how the non-relativistic MOND behaviour emerges from the TeVeS formalism,
the quasi-static limit is derived. This requires making some assumptions ,
• The Einstein metric is approximately flat, gµν ≈ ηµν where ηµν is the Minkowski metric.
• The vector field takes the form Uµ = δµt
Ç
−gαβδαt δβt where δab is a Kronecker delta
symbol. Therefore Uµ = (1,0, 0,0).
• The scalar field is only a function of space, thus time derivatives are dropped. Also
φ 1.
• The Energy-Momentum tensor has no pressure terms such that, T˜µν = ρ exp(2φ)UµUν.
The only non-zero term of this is T˜00 ≈ ρ.
Taking the Non-Relativistic Limit of Action
One way to get a sense of how TeVeS related to MOND is to find the form of the non-relativistic
TeVeS action. If the only goal is to show the MOND-TeVeS connection, it is sufficient to look
at the scalar field part of the TeVeS action only, the other terms do not affect this result. As
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the Einstein metric in this case is diagonal and the only non-zero vector component is U0, the
argument of F in the scalar field Lagrangian is,
 
gαβ − UαUβ∇αφ∇βφ = g00∇0φ∇0φ + g11∇1φ∇1φ+
g22∇2φ∇2φ + g33∇3φ∇3φ − U0U0∇0φ∇0φ,
(3.42)
the right hand side of which can be simplified, under the assumptions, to be
− 2∇0φ∇0φ +∇1φ∇1φ +∇2φ∇2φ +∇3φ∇3φ. (3.43)
As the time derivatives of the scalar field are assumed to be negligible, this further simplifies
to
∇1φ∇1φ +∇2φ∇2φ +∇3φ∇3φ = |∇φ|2. (3.44)
Therefore, the scalar field Lagrangian simplifies to
Lφ = a
2
0
8piG

F
 
gαβ − UαUβ∇αφ∇βφ
a20

=
a20
8piG

F
 |∇φ|2
a20

, (3.45)
which is equivalent to the non-relativistic MOND Lagrangian of Eqn 3.6.
TeVeS Matter Coupling
The other key element of TeVeS is the matter coupling. The matter couples to the physical
metric g˜µν . Variation of the matter action with respect to the scalar field yields,
δ(LMp− g˜)
δφ
=
p− g˜p− g˜ δ(LM
p− g˜)
δφ
=
p− g˜p− g˜ δ(LM
p− g˜)
δ g˜µν
δ g˜µν
δφ
. (3.46)
Using the standard definition,
Tab ≡ − 2p− g˜ δ(LM
p− g˜)
δ g˜µν
, (3.47)
and the variation of the physical metric with respect to the scalar field,
δ g˜µν
δφ
= 2
 
exp(2φ/c2)gµν + 2UµUν cosh(2φ/c2)

, (3.48)
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the variation of the matter action becomes,
c2
δ(LMp− g˜)
δφ
= −1
2
T˜µν

2
 
exp(2φ/c2)gµν + 2UµUν cosh(2φ/c2)

. (3.49)
Performing the summation over µ and ν, remembering the approximations outlined in Sec
3.4.8, the result is,
δ(LMp− g˜)
δφ
= −ρ. (3.50)
This combined with the variation of the non-relativistic scalar field action gives the MOND-like
scalar field equation.
The Physical Meaning of the Scalar Field
The above sections show how a MOND-like expression derives from TeVeS, but gives no indi-
cation as to how the scalar field relates to gravity.
Assume the physical metric 00 component takes the form of g˜00 = −(1+ 2Φ/c2) where Φ
is the total potential a test particle experiences. Also suppose that the Einstein metric is not
exactly the Minkowski metric, as assumed previously, but takes the form g00 = −(1+2ΦN/c2)
where ΦN is the Newtonian potential. The physical metric definition therefore says that,
g˜00 = exp(−2φ/c2)g00 − 2U0U0 sinh(2φ). (3.51)
As U0 = 1 in the non-relativistic limit, and also, if φ/c2 << 1, exp(−2φ/c2)≈ 1− 2φ/c2, the
physical metric is approximately,
g˜00 = −(1− 2φ/c2)(1+ 2ΦN/c2)− 4φ ≈ −(1+ 2ΦN/c2 + 2φ/c2). (3.52)
Therefore, −(1+2Φ/c2)≈ −(1+2ΦN/c2+2φ/c2), thus Φ≈ ΦN +φ. So the MOND-like scalar
field contributes to the total potential. Note that this is a quasi-static approximation for small
scale objects and other terms must be included when looking at cosmological scales.
Relating to EMOND
The final point of discussion is that of how TeVeS can be adapted to include the EMOND correc-
tion. In theory, this could be achieved by a simple substitution in the scalar field Lagrangian,
mainly a0 → A0(φ), thus making a0 dependent on the scalar field itself. This would affect
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TeVeS equations as new terms would arise. In order to fully understand the consequences of
this, the full “extended TeVeS" equations would have to be derived. This is not attempted here.
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Ultra-diffuse galaxies and MOND
The work in this chapter is based upon the work of Hodson & Zhao (2017a).
The original work which I present in this Chapter is; Modelling the Coma cluster in EMOND
and modelling UDGs in MOND and EMOND paradigms. This is based upon ΛCDM models
which exist in the literature.
4.1 Overview of Ultra Diffuse Galaxies
4.1.1 What is an ultra-diffuse galaxy?
Ultra-diffuse galaxies (UDGs) objects with the visible matter mainly consisting of old stars.
The gas contribution is thought to be small hence UDGs have little or no star formation. Over
1000 UDGs have been discovered in the Coma cluster (Koda et al., 2015). UDGs have also
been discovered in the Virgo (Mihos et al., 2015), Fornax (Muñoz et al., 2015), Pisces-Perseus
(Martínez-Delgado et al., 2016) and Abell 2744 systems (Janssens et al., 2017). Currently,
only two UDGs have had their velocity dispersions measured, DF44 (van Dokkum et al., 2016)
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in the Coma cluster and VC1287 (Beasley et al., 2016) in the Virgo cluster. The startling feature
about these two objects is their high velocity dispersions compared to their estimated stellar
mass, implying a large dark matter fraction. Current theories as to the nature of these objects
are either that UDGs are failed galaxies or that interactions in the cluster environment may
have resulted in the observed low baryonic mass, but high dark matter mass (Beasley et al.,
2016). The exact nature of these galaxies is still unknown.
Inferring the large halo mass
Details pertaining to the observational techniques used to detect these galaxies will not be
discussed here as it detracts from the main focus of this Chapter. However a quick summary
of how the large dark matter fractions were inferred should be mentioned.
For the two detected objects the principle method to infer the dynamical mass was to try
and estimate the velocity dispersions. This was achieved by fitting spectra. For DF44 stellar
spectra were fitted, whereas for VC1287 spectra from the globular clusters were fitted (van
Dokkum et al., 2016; Beasley et al., 2016). The velocity dispersion is determined from the
broadening of the spectral lines. Once the velocity dispersion has been measured, an estimate
of the total enclosed mass can be made from dynamical arguments. This will be discussed in
more detail in the proceeding sections.
The previous method only gives the dark matter fraction within the visible mass. The works
of van Dokkum et al. (2016) and Beasley et al. (2016) also determined the inferred virial mass
at M200. This was done in Beasley et al. (2016) by comparing the inferred dark matter mass
profiles at the effective radius to ΛCDM simulations and extrapolating. In van Dokkum et al.
(2016), NFW profiles of different total masses were constructed, assuming some concentration
parameter, and extrapolated to large radii. It was found that this method predicted halo virial
masses of M(rv)≈ 8× 1011 M and M(rv)≈ 8× 1010 M for DF44 and VC1287 respectively.
However, it is yet to be shown that the extrapolation used in these works is physically realistic.
4.2 Introduction to UDGs and MOND
In Chapter 3, trying to reconcile galaxy clusters in a MOND-like paradigm was the primary
focus. However, this is not the only challenge for MOND on the cluster scale. As mentioned,
an observation was made of an abundant amount of UDGs within galaxy clusters and a more
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detailed analysis of two UDGs indicated that they both exhibited a large dark matter haloes.
This is surprising as the stellar content inferred from these galaxies suggested that the visible
mass was comparable to the visible mass in dwarf galaxies. The study of van Dokkum et al.
(2016) suggests that DF44 in the Coma cluster has a dark matter fraction of approximately
99%.
Why is this a problem in MOND? MOND predicts that low baryonic mass or low accelera-
tion galaxies should exhibit dark matter-like effects as a result of being within the deep-MOND
regime. The issue is that these galaxies are within galaxy clusters. If the galaxies were isolated
they would be within the deep-MOND regime, but as they are within clusters the external field
drives them closer to the Newtonian regime washing out the dark matter-like effects. This is
a major challenge for MOND.
However, it must not be forgotten that regular MOND does not work in clusters. It would
be very promising if a generalisation to MOND, which accounted for the mass discrepancy in
clusters, also explained the dark matter like effects in UDGs.
In Chapter 3, it was shown that modifying MOND, by invoking the EMOND formalism
may be able to reconcile the galaxy cluster-MOND missing mass problem. This was done
by increasing the value of a0 in deep potential well environments, causing a breakdown of
Newtonian dynamics at ‘high’ accelerations (> 10−10 ms−2). As the UDGs lie in the potential
well of the galaxy cluster, EMOND would predict that the value of a0 would be higher than
MOND predicts, resulting in a larger dark-matter like effect. An interesting case study would
be to determine whether EMOND could simultaneously predict the inferred UDG dynamical
masses and the mass profile of galaxy clusters. This is the topic of this Chapter.
4.3 Making EMOND predictions
Due to there being very little available data with regards to the UDG masses, making con-
crete predictions is a difficult task and the modelling requires some simplifying assumptions.
Throughout the following sections, the methods used to model a sample of UDGs in EMOND
will be outlined.
A sample of 46 UDGs1 (van Dokkum et al., 2015) was selected to test the EMOND pre-
dictions, though this could be expanded upon when more data becomes available. The UDGs
1There are 47 UDGs in this sample, but one had incomplete data in the paper so was omitted.
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in the sample are all within the Coma galaxy cluster. Included in this sample is the one UDG
from the Coma cluster, DF44, which has dynamical and stellar mass estimates (van Dokkum
et al., 2016).
4.3.1 Building the Coma model
To begin with, as the entire point of modelling the UDGs in MOND and EMOND was to deter-
mine the significance of the external field and external potential effects which arises in these
paradigms, a model of the Coma cluster was constructed. Similar to the modelling of the
clusters in Chapter 3, the contribution from both the galaxies and the gas must be taken into
account. The analytic Coma cluster mass model of Łokas & Mamon (2003) was adopted to do
this. Firstly, the mass profile of the gas was modelled via
Mg(r) =
4
3
pin0(me + γmp)r
3F3/2,β

r2
r2c

, (4.1)
where n0 is the central electron number density of the emitting X-ray gas in the cluster, β
is a dimensionless parameter, rc is a scale length of the gas density, γ is a parameter which
converts the electron number density into a mass density, me and mp are the masses of an
electron and a proton respectively and Fα,β(x)≡ 2F1 (3−α, (3−α)β); 4−α;−x) , where 2F1
is a hyper-geometric function.
The galaxy contribution was modelled via
MGal(r) = 4piL?Υ r
3
s

log

r + rs
rs

− r
r + rs

, (4.2)
where rs is a scale radius, L? is a luminosity normalisation constant and Υ is a mass-to-light
ratio.
Unlike the modelling in Chapter 3, more attention to the choice of boundary potential
was paid. Changing the boundary potential affects the EMOND A0(Φ) profile. To argue that
a reasonable value for the boundary potential was chosen, such that the EMOND predicted
mass profile was not in contention with data, the ΛCDM dark matter profile was used as a
guide. The assumption here is that ΛCDM is thought to be successful at the cluster level and
if the EMOND inferred mass profile is consistent with the best-fit dark matter profile, then the
EMOND model is reasonable.
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The Coma cluster dark matter content was modelled in ΛCDM via Łokas & Mamon (2003),
MDM (r) = Mv

r
rv
3−α Fα,1(cr/rv)
Fα,1(c)
, (4.3)
where Mv is the virial mass, rv is the virial radius, c is the concentration and α is a dimension-
less parameter.
As well as changing the boundary potential, testing of the functional form A0(Φ) found that
a slightly modified, simpler function might be able to perform better than the step function
used in Chapter 3. Firstly, the MOND interpolation function used to model the Coma cluster
was,
µ(x) = max
h x
1+ x
,
ε
1+ ε
i
, (4.4)
where ε is a small number. Equation 4.4 is similar to the simple interpolation function with
a slight modification. The inclusion of the extension only affects the very low acceleration
environments where the external field might become important. Therefore, using the regular
simple interpolation function would not change the results within the boundary of the cluster.
The EMOND scale acceleration was modelled using,
A0(Φ) =
a0
ε
µ

Φ
Φ0
2q
. (4.5)
The desired behaviour of A0(Φ), being A0(Φ) ≈ a0 in low acceleration environments and
A0(Φ) ≈ A0 max in very deep potentials, is achieved by defining ε as ε ≡ a0/A0 max where
A0 max is defined. A value of A0 max = 100a0 was chosen. The final parameter to assign is
q, which controls the transition between A0(Φ) regimes. For the proceeding analysis, results
for q = 1 and q = 2 will be shown. Changing the value of q has the consequence of EMOND
requiring a different value for the scale potential, Φ0 due to the change of function. Values of
Φ0 ≈ −38000002 m2s−2 and Φ0 ≈ −27000002 m2s−2 were found to give reasonable results
for q = 1 and q = 2 respectively.
Figure 4.1 shows the result of applying the above EMOND recipe (Eqn 3.25) to the Coma
cluster model. For this plot, a boundary potential value of Φ(rv) = −2.5 × 1012 m2s−2 was
chosen to give a reasonable resemblance to the dark matter profile. Also shown, in Fig 4.2,
is the A0(Φ) for both the q = 1 and q = 2 model. As desired, the value of A0(Φ) tends to a0
towards the edge of the cluster.
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Figure 4.1: Model of the Coma cluster which is adopted from Łokas & Mamon (2003). Green line
shows the contribution from the intra-cluster gas, red thin line is the contribution from the stars. Using
these, the EMOND predicted dynamical mass, MEMON D = r2∇ΦEMON D/G, was calculated. The solid
blue line shows the q = 1 model and solid magenta line shows the q = 2 model (see Eqn 4.5). Also
plotted is the dark matter profile from Łokas & Mamon (2003) (black dashed line) for comparison. It
is seen that the EMOND mass matches the dark matter mass very well. For this, it was assumed that
the EMOND boundary potential at the virial radius was Φ(rv) = −2.5× 1012 m2 s−2.
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Figure 4.2: Profile of the EMOND calculated A0(Φ)/a0 as a function of cluster radius. Blue line is the
q = 2 model and red solid line is q = 1 model. The q = 1 model produces a shallower transition from
high to low A0(Φ) and a smaller in magnitude of A0(Φ) than the q = 2 model (see Eqn 4.5). Only radii
> 100 kpc are shown as this is the important range for the UDGs.
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4.3.2 Mass estimates of the UDGs
Up to this point, MOND and EMOND have been used by feeding a baryonic mass into the
formulae and deriving the inferred total profile. If the total mass of a UDG is known (baryons
and dark component), the aforementioned process can be reversed. By feeding in the total
mass, the EMOND predicted baryonic component can be determined. For the case of UDGs,
the baryons are almost entirely made up of stars. Therefore, if the stellar contribution is also
known, the baryonic mass, estimated from EMOND, can be compared to the stellar mass to
determine whether EMOND and the UDGs are compatible.
As mentioned previously, only one UDG in the sample has had its mass estimated, DF44.
In order to test the sample, the total masses and stellar masses for each galaxy is needed. The
following section explains how this was achieved.
Total Mass
Given the velocity dispersion, the total mass within a 3D effective radius of a dispersion dom-
inated astrophysical object can be determined from Wolf et al. (2010),
Mdyn | rs= 43 re ≈ 3σ2rs/G = 9.3× 105σ2re (4.6)
where re is the 2D effective radius, rs is the 3D projected radius, andσ is the velocity dispersion
at the effective radius for ellipticals. Therefore, if the velocity dispersion of each UDG in the
sample can be estimated, the total mass can be estimated.
There exists a proposed relation between the 2D effective radius, the mean surface bright-
ness at this effective radius and the velocity dispersion. This is known as the fundamental
manifold (FM) (Zaritsky et al., 2006b,a, 2008), which is an extension of the fundamental
plane (FP) of ellipticals (Djorgovski & Davis, 1987; Dressler et al., 1987). For the purposes of
this study, it was assumed that each of the UDGs lay on this FM. This assumption is critiqued
in a later section (Sec 4.3.5) of this Chapter. The sample paper by van Dokkum et al. (2015)
gives data for the central surface brightness and major axis radius for 46 UDGs. The first step
was to transfer these quantities into FM friendly values. The central surface brightness in van
Dokkum et al. (2015) is in units of mags/arcsec2. The FM requires the mean surface brightness
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within an effective radius in units of L/pc2. This was done via,
log< Ie >= − I0 + 1.822− 0.699−M − 21.5722.5 , (4.7)
where in this case, M is the solar magnitude in the given band, < Ie > is the mean surface
brightness within an effective radius in L/pc2 and I0 is the central surface brightness in
mags/arcsec2. The derivation of Eqn 4.7 is given in Appendix B.
The major axis radius for each UDG, given in column 5 of van Dokkum et al. (2015), was
converted to 2D effective radii by multiplying by the square root of the axis ratio, given in
column 7.
The velocity dispersion was then calculated by solving the quadratic FM equation from
Zaritsky et al. (2008),
log re = −α2 log2σ+ (2+ 2αβ) logσ+ B log Ie + C2, (4.8)
where, α, β and C2 are constants which are empirically determined, taking values (Equation
8 and Figure 11 from Zaritsky et al. (2008)) α2 ≈ 0.63, 2+ 2αβ ≈ 3.7, B ≈ −0.705 and C2 ≈
−2.75. In Fig 4.3, a plot of this relation, from Zaritsky et al. (2008) is shown for illustration
purposes.
Once Eqn 4.8 was solved, Eqn 4.6 was used to determine the total mass within a 3D radius.
It should be mentioned at this stage that this was done in a similar manner for the same set of
UDGs in Zaritsky (2017). However, a different interpretation of the FM was used and a system
of two equations were solved to determine the velocity dispersion for the UDGs. These were,
logΥe = 0.24 (log V )
2 + 0.12 (log Ie)
2 − 0.32 log V − 0.83 log Ie − 0.02 log (V Ie) + 1.49 (4.9)
and
log re = 2 log V − log Ie − logΥe − 0.75, (4.10)
where V describes the kinematics, approximately taken to be the velocity dispersion in Zaritsky
(2017), and Υe is the mass-to-light ratio. In Zaritsky (2017) the value of the velocity dispersion
was corrected for a ‘slight systematic deviation from the expectation’.
It is acknowledged that the FM expression of Eqn 4.8 and Eqns 4.9 and 4.10 give different
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Figure 4.3: Plot of the FM equation linking velocity dispersion, 2d effective radius and mean surface
brightness within 2D effective radius (see Eqn 4.8). This figure was adapted from Zaritsky et al. (2008).
results. The purpose for using Eqn 4.8 was mainly due to simplicity as it is a more direct re-
lation between the three parameters used, being the effective radius, mean surface brightness
and velocity dispersion. When more UDG data becomes available, the validity of the FM can
be tested.
Stellar Mass
In the previous study of DF44 by van Dokkum et al. (2016), the stellar mass was determined
from the observed colour of the galaxy. From Taylor et al. (2011) there exists an approximate
scaling relation between the g - i colour and stellar mass,
log10 [M?/M] = 1.15+ 0.7(g − i)− 0.4Mi (4.11)
where Mi is the absolute magnitude in the i-band, (g-i) is the difference in colour magnitudes
in the respective bands and M is the solar mass, not to be confused with the solar magnitude
used previously. Equation 4.11 uses the g band magnitude to determine the stellar mass.
The sample paper van Dokkum et al. (2015) gave the g-band magnitude, but not the i-band
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magnitude. However, it did give the average g-i colour for the sample. The quoted average g-i
color for the sample was 0.8± 0.1. Therefore, the i-band magnitude was calculated using 0.8
for each UDG g-i value (Mi ≈ Mg−0.8). This is a crude approximation and should be improved
upon when remodelling the sample in the future. One point of note is that the stellar mass
found in Eqn 4.11 is the total stellar mass. As the total mass calculated by Eqn 4.6 is at the 3D
effective radius, the stellar mass of Eqn 4.11 has to be halved.
4.3.3 Determining the distance to the UDGs from Coma centre
The Coma model was built to try and gain a realistic understanding how much of a role the
external field and external potential would effect the UDGs, thus the distance from the centre
of the Coma cluster to the UDGs had to be determined. To do this is was assumed that the
distance to the UDGs was the same as to the Coma cluster. This is not realistic as the UDGs
would be scattered in three dimensions within Coma. As the 3D UDG positions were not
available, this approximation was necessary.
The angular distance between the UDGs and the Coma cluster centre were first determined
from the quoted right ascension and declination using the standard formula.
The distance to the Coma cluster was determined in the usual way from the redshift, as-
suming ΛCDM cosmology,
dComa =
c
(1+ zComa)H0
∫ zComa
0
1p
0.3(1+ z)3 + 0.7
dz ≈ 96M pc (4.12)
where zcoma ≈ 0.0231. The UDG Coma distance was then determined from
dUDG−Coma ≈ dComaθUDG−Coma. (4.13)
The results are plotted in Fig 4.4 where it is seen that the average distance is approximately
1300 kpc and the maximum and minimum values are 296 kpc and 2811 kpc. In reality, on
average, the actual 3D distances will be higher than this due to the 3D distribution of the
UDGs.
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Figure 4.4: The minimum projected distance between the centre of the Coma cluster and the UDGs in
kpc. The average distance is approximately 1300 kpc. Note that this is the projected distance and the
true 3D distance will be higher than this.
4.3.4 Modelling the UDGs in EMOND
The stellar mass, approximated from the UDG colour, was compared to the baryonic mass de-
termined from solving the MOND and EMOND equations. The aim was to determine whether
these two values were consistent.
Firstly, Milgrom’s law,
∇ΦN = µ
∇Φ
a0

∇Φ, (4.14)
was extended to include an external field (∇ΦN and ∇Φex t)2,
Æ
(∇ΦN )2 + (∇ΦN ex t)2 ≈ µ
Æ
(∇Φd yn)2 + (∇Φex t)2
a0
q
(∇Φd yn)2 + (∇Φex t)2. (4.15)
It was assumed that the external field was entirely dominated by the Coma cluster. The in-
clusion of the external field in Eqn 4.15 raises the total acceleration, making the interpolation
function closer to 1, hence closer to Newtonian.
To estimate the EMOND effect on the UDGs, it was assumed that the gravitational potential
across the UDG was equivalent to the gravitational potential of the Coma cluster, ΦU DG =
ΦComa(r = dU DG−Coma). The UDG would make a small perturbation in reality, so small that the
EMOND scale acceleration would hardly be altered. It should be noted that the gravitational
2It was assumed that the external field was orthogonal to the internal field, thus simplifying the problem. More
rigorous modelling of the external field must be done in the future, but as the use of Milgrom’s law is not exact
for a two body system, this assumption was deemed valid as an approximation.
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acceleration cannot be treated in this way and both the internal acceleration and external field
are taken into consideration. Keeping in mind the previous points, the EMOND equivalent of
Eqn 4.15 was found to be,
Æ
(∇ΦN )2 + (∇ΦN ex t)2 ≈
µ
Æ
(∇Φd yn)2 + (∇Φex t)2
A0 (ΦU DG)
q
(∇Φd yn)2 + (∇Φex t)2
. (4.16)
This can be simplified to,
(∇ΦN )2 = µ
p
(∇Φ)2 + (∇Φex t)2
A0(ΦU DG)
2 
(∇Φ)2 + (∇Φex t)2

−µ
 ∇Φex t
A0(ΦU DG)
2
∇Φ2ex t .
(4.17)
Equations 4.15 and 4.17, as well as regular MOND without an external field were used to
calculate the Newtonian mass. The results are presented on plots showing the ratio of the
MOND predicted Newtonian mass and the stellar mass derived from colour vs the distance
the UDG is form the Coma cluster centre. If the ratio is approximately 1, then the values
are consistent. If the value is greater than 1, then MOND/EMOND requires there to be more
baryonic mass than is predicted from the the UDG colour. If the ratio is less than 1, then
MOND/EMOND predicts there to be less baryonic mass than is predicted from the UDG colour.
The first result is shown in Fig 4.5, which is for the case of MOND with no external field.
From this figure, MOND was found to produce too much dark matter-like effects (the ratio is
less than 1). This could be rectified by choosing a slightly different stellar mass-to-light ratio.
Next in Fig 4.6 is the MOND result with the external field. As expected, the external field
drastically reduced the amount of phantom dark matter, predicted by MOND, thus forcing
MOND to predict a much higher stellar mass contribution. A drastically different stellar mass-
to-light ratio from the one predicted from Eqn 4.11 would be required to explain away this
discrepancy. There also appears to be a dependence on the UDG-Coma distance. This is not a
desired feature as stellar mass-to-light should not depend on where the galaxy is in the cluster.
Finally shown is the result for EMOND (Fig 4.7). Two EMOND models are shown, top
panel is the q = 2 model and bottom panel is the q = 1 model. The q = 1 model shows a
better result than the q = 2 model as it shows almost no distance dependence. Some of the
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Figure 4.5: Figure showing the ratio of the MOND estimated Newtonian mass to the estimated stellar
mass from colour as a function of the distance to the cluster centre. Blue line shows the point where
both mass estimates would be the same, i.e. where the UDG’s would lie if they obeyed the MOND force
law and the assumptions made during the modelling process were acceptable. No effect from the Coma
cluster is considered.
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Figure 4.6: Same as Figure 4.5 except with the inclusion of the external field from the Coma cluster.
The MOND predicted mass is much larger than the colour predicted stellar mass.
99
Chapter 4. Ultra-diffuse galaxies and MOND
0 500 1000 1500 2000 2500
0.0
0.5
1.0
1.5
2.0
2.5
3.0
DUDG-Coma (kpc)
M
N
/M *
0 500 1000 1500 2000 2500
0.0
0.5
1.0
1.5
2.0
2.5
3.0
DUDG-Coma (kpc)
M
N
/M *
Figure 4.7: Same as Figure 4.6 except with the EMOND correction to the MOND acceleration scale. Top
panel is the q = 1 model and bottom panel is the q = 2 model (see Eqn 4.5). The EMOND paradigm is
predicting a reasonable Newtonian mass for the UDG sample in both models. The q = 2 model shows
that the required mass-to-light increases with distance, which is an undesirable feature. The q = 1
model shows that a constant mass-to-light is required, which seems more plausible.
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outer UDGs show similar results in EMOND and regular MOND. This is due to EMOND tending
to MOND towards the outside of the cluster. From the results, it was concluded that UDGs may
be a key constraint of EMOND, independent of galaxy cluster mass profiles.
It was fully understood that there were several assumptions made when modelling the
UDGs in EMOND. These inevitably resulted in potential sources of error. One of these, the
stellar-mass-to-light ratio, was examined. In the work of Taylor et al. (2011) it was stated that
there was approximately a 0.1 dex error on the stellar mass-to-light. A second stellar mass
relation was also shown from a previous study (Bell et al., 2003). By assuming that EMOND
was the correct formalism, it was possible to calculate the required stellar mass-to-light ratio,
for each UDG, such that the ratio of the EMOND predicted baryonic mass to stellar mass is
exactly 1. The values can then be plotted on the derived functions from Taylor et al. (2011)
and Bell et al. (2003) to see how the spread of mass-to-light’s for the UDGs compare with the
error estimates, assuming an error of 0.1 dex for each function. The results for this are plotted
in Fig 4.8, top panel is the q = 2 model, bottom panel is the q = 1 model.
It is seen in Fig 4.8 that for the q = 1 model, most of the UDGs lie somewhere between
the lower bound of the function of Taylor et al. (2011) and the upper bound of the function
of Bell et al. (2003). The q = 2 model requires, on average, a smaller stellar mass-to-light.
In summary, if the above assumptions are reliable, then EMOND may be sufficient to ex-
plain the effective dark-to-stellar mass ratio of these UDGs.
It also appears that the UDGs prefer the q = 1 EMOND model as the ratio range in Fig 4.7
is closer to 1. This would need to be confirmed with a large galaxy cluster sample combined
with more UDG mass estimates.
4.3.5 Were the assumptions reliable?
The previous sections attempted to build the first model of UDGs in EMOND. There were many
assumptions made. Firstly, Coma was assumed to be spherical with the baryons following the
profiles of Eqns 4.1 and 4.2. As well as this, it was assumed that the best fit dark matter profile
was a good description of the data and thus the boundary potential for the EMOND modelling
was chosen such that the EMOND predicted mass matched this dark matter profile. In terms
of the UDG modelling, they were treated as spherical objects which lay on the fundamental
manifold. The distance between the UDGs and Coma cluster centre were also approximate.
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Figure 4.8: Plot showing the stellar mass-to-light functions from Taylor et al. (2011) (red) and Bell
et al. (2003) (blue) as a function of g-i colour. Approximate error bars of 0.1 dex are shown for each
case. Top panel shows results for the q = 2 model and bottom panel shows the q = 1 model (see Eqn
4.5). The blue dots show where the UDGs must lie assuming that the EMOND formulation is correct.
This shows that it may be possible for most of the UDGs to be explained by EMOND within the range
of stellar mass-to-light allowed. The q = 1 model again shows better results.
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Finally, the stellar contribution was assumed to follow the relations in Taylor et al. (2011).
All these assumptions make the modelling simpler at a price of potential sources of error. The
validity of each assumption has to be tested.
It is very common for galaxy clusters to be modelled in spherical symmetry. This assump-
tion can be relaxed by modelling the Coma cluster as a triaxial system. However, this is unlikely
to significantly affect the conclusions regarding the modelling of the UDGs within the cluster
as the predicted external field and potential should not change significantly. It was also as-
sumed that that the inferred dark matter profile, which was used as a guide for the EMOND
model, was a reasonable representation of the total mass of the galaxy cluster. There is no
reason to think the contrary as dark matter is known to work well in galaxy clusters. The
result could however be compared to other mass models of the Coma cluster (e.g. Kubo et al.,
2007) for consistency. This would change the dark matter profile shape slightly, but is unlikely
to change the inferred amount of dark matter by a substantial amount. Therefore, if there
were little change in the dark matter profile, the EMOND model would not have to be altered
drastically. This therefore means that the UDGs would be minimally affected. The third as-
sumption was approximating the distance between the UDGs and the Coma cluster centre. As
mentioned, the true 3D distances would, on average, be higher than those which were calcu-
lated in Section 4.3.3. The larger distances would have two consequences, one being a smaller
external potential effect, the other being a weaker external field effect. This change should be
quantified in future studies, but it is unlikely that this will be a major factor in the calculation.
For the q = 1 model, by increasing the distance of the UDGs to the centre of the Coma cluster
by a factor 1.5, the MN/M∗ ratio increases by a factor approximately 1.1-1.2. The galaxies
which would be most drastically affected would be those which lie around the point of where
the value of A0(Φ) changes most dramatically. Very detailed observations of UDGs could be a
very good constraint on the A0(Φ) profile shape.
The main source of error was most likely the assumption that the UDGs all lie exactly on
the FM. To this date, there is only 1 UDG in the Coma cluster, DF44, to check against. It was
found that the observed velocity dispersion, 47+8−6 km/s, from van Dokkum et al. (2016) is in
fact 2.7 times larger than was predicted from the FM. Performing the EMOND analysis with
this value predicts a baryonic mass of 7.7 × 108 M, which is 7.5 times the value predicted
from the colour. This can be reduced to 6 times larger by choosing a boundary potential of
3.5×1012 m2s−2 and reduced to 4.5 times if the lower bound of velocity dispersion (41 km/s)
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is chosen. This could be further improved by choosing a slightly higher mass-to-light ratio for
DF44.
The above analysis of DF44 could present a problem for EMOND. There may be other ways
to improve the result such as testing whether the cluster gas mass in the outer regions of the
cluster can be reduced, while still being within the observational error bars. Often gas and
dark matter profiles are fit with simple power laws. Perhaps if a cluster was fit in EMOND by
combining gas and X-ray data, a better fit could be found with slightly different profiles. If the
gas mass was found to be lower, it would allow the same total mass of the Coma cluster to
be achieved with a higher value of A0(Φ), thus reducing the EMOND predicted baryonic mass
of the UDGs. Another feature which needs to be examined is how well the dark matter halo
matches observations and whether there is room within the error bars for a larger mass halo.
Thus far, the EMOND solutions have been compared to best-fit CDM profiles from the literature.
Once the EMOND theory is more concrete, numerical data analysis should be conducted to
determine whether the EMOND solution is preferred by the data. If a much higher mass halo
is permitted by the data, a larger value of A0(Φ) could be allowed. This would require a detailed
lensing analysis. When more observations of a larger sample of UDGs becomes available, the
EMOND analysis can be re-examined.
4.3.6 Refining the EMOND formulation
As mentioned, the Coma cluster EMOND model differed slightly from the model used in Chap-
ter 3. For consistency, the amended formalism should be applied to the sample of 12 clusters.
To do this, some changes will be made compared to the EMOND modelling of the 12
galaxy clusters in Chapter 3. First, the boundary potential was previously chosen using the
NFW potential as a guide. In the remodelling, a value of Φ(rv) = −2.5× 1012 m2s−2, as was
used in Coma, was set for all 12 clusters. Secondly, the BCG model was changed slightly to give
a similar galaxy contribution as in Coma. As the q = 1 model seemed to fit the UDGs better,
this was adopted for the cluster sample. Finally, a range of solutions was previously shown
by varying the boundary potential between 0.5 and 1.5 times the chosen boundary potential.
This range is reduced to 10%, 0.9-1.1 times the boundary value.
The results are shown in Figs 4.9 and 4.10 where the colour scheme is the same as in
Chapter 3, the blue shaded region is the EMOND result, the black is dynamical mass and the
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red dashed line is NFW. From these figures, is is clear that the EMOND result is drastically
improved. For objects RXJ1159 and MKW4, although the EMOND result does not match the
dynamical mass, it is quite consistent with the best fit NFW. This could mean that the data is
poor in these two objects if ΛCDM is unable to explain them well. The conclusion is that the
q = 1 model is a better fit than the step function or exponential function used in the previous
chapter.
4.3.7 Brief Conclusion
In this Chapter, it has been shown that EMOND can help alleviate the discrepancy between
MOND and observation with regard to the dynamical mass estimates of UDGs. However, many
assumptions were made to reach this conclusion. The most critical assumption is modelling
the UDG velocity dispersion in accordance with the FM. The observations of DF44 show that
it does not lie on the FM. Stronger conclusions can be drawn when more observations are
available and more rigorous analysis can be performed. For example, if every UDG has an
observed velocity dispersion, the use of the FM can be replaced by actual data. Furthermore,
the mass components of the Coma cluster could be statistically fit in the context of EMOND to
try and improve the estimates of the external potential and field.
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Figure 4.9: Plot showing recreated Fig 3.6 with the modified A0(Φ) function found under the UDG
constraints. Red dashed line is the best-fit ΛCDM model from Vikhlinin et al. (2006), black line is
the dynamical mass derived from Eqn 3.27 and the blue shaded region is the EMOND predicted mass.
Boundary potential is Φ(rv) = −2.5× 1012 m2s−2 ± 10%, hence the smaller scatter in the blue band
(Fig 3.6 has ±50 %). 106
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Figure 4.10: Same as Fig 4.9 (recreating Fig 3.6) for clusters A2029, RXJ1159, MKW4, A383, A907,
A2390.
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5
Galaxy Cluster A1689 and modified gravity
This chapter is based on the work of Hodson & Zhao (2017b).
The original work which I present in this Chapter is the modelling of galaxy cluster A1689
in the EMOND and GMOND gravity paradigms and comparing the predictions toΛCDM results,
and other theories of gravity. This involved refining the A1689 galaxy model compared to the
literature. Looking at the effect of varying the GMOND parameters, with regards to galaxy
cluster mass profiles, and comparing to NFW profiles from the literature was novel work. The
findings showed that the original estimates for the parameters, which were provided in Khoury
(2015), may have been too small.
The work in this chapter primarily reviews work on galaxy cluster A1689 and redoes the
modelling in MOND-like theories, claiming previous conclusions have been drawn incorrectly.
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5.1 A1689 - Evidence of dark matter?
In late 2016, a claim was made in an article (Nieuwenhuizen, 2016) (hereafter N16) that
galaxy cluster A1689 could not be explained without resorting to some kind of dark matter, be
it neutrinos or cold dark matter. The paper went through some modelling arguments, specif-
ically looking at the internal accelerations of the gas and galaxy components of the cluster,
discussing how using MOND without neutrinos could not explain the observed total accelera-
tion profile, inferred from gravitational lensing. As well as MOND, Verlinde’s emergent gravity
(EG) was discussed. It was argued that EG could not explain the acceleration profile either due
to the EG boosting term being too small. A third gravitational paradigm was tested, Moffat’s
Modified Gravity (MOG) paradigm (Moffat, 2006). N16 proposed that previous modelling
from an earlier MOG publication (Brownstein & Moffat, 2006) was in contradiction with ob-
servational constraints1. It is mentioned that the MOG model can fit the central cluster radii,
depending on BCG parameters, but might require neutrinos at larger radii.
A1689 was modelled in MOG by Moffat in a rebuttal publication (Moffat & Zhoolideh
Haghighi, 2016) (Hereafter M16)2 where it was claimed that if the modelling of A1689 was
redone, MOG and A1689 were compatible.
There exists a MOND-like paradigm, other than EMOND, which aims to explain galaxy
clusters without dark matter (Khoury, 2015). The interesting aspect of this theory is that the
clusters are described by a MOG-like function. Therefore, if MOG works for A1689, then this
MOND-like theory should also be viable as well.
When modelling the cluster in more detail, it was found that there seemed to be a confusion
as to the meaning of one of the plots in N16, leading to an incorrect conclusion in M16. This
warranted a different approach to be taken.
In this Chapter, the works of N16 and M16 will be reviewed, highlighting where an in-
correct interpretation might have occurred. A slightly amended baryon model of A1689 is
proposed and the modified gravity results are compared to best-fit NFW profiles from the lit-
erature. As well as MOG and the generalised MOND framework of Khoury (2015), the results
from EMOND and EG are shown as well. Prior to this, brief reviews of the MOG, EG and what
1The best-fit values for the A1689 gas model found in Brownstein & Moffat (2006) produced a profile which was
not in line with observational constraints (Nieuwenhuizen, 2016).
2This article has not been published in a journal as of date of writing.
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is referred to as GMOND will be given.
5.2 Review of MOG
5.2.1 What is MOG?
The MOG paradigm, also known as Scalar-Tensor-Vector-Gravity (STVG) aims to try and ex-
plain the Universe without resorting to dark matter. Briefly mentioned in the introduction, the
underpinning idea behind MOG is the inclusion of three scalar fields and one vector field. One
scalar field models the mass of the vector field, one describes a dynamical coupling between
the additional MOG force and matter and the final scalar field acts like a dynamical version
of Newton’s gravitational constant. The purpose of this is to try to model the universe with-
out dark matter. The MOG Lagrangian is quite complicated and thus approximations have
been commonly made in the literature to determine and solve the equations of motion. In this
thesis, deriving the MOG equations has not been conducted as the well understood spherical
approximation is more than sufficient for modelling A1689 cluster.
In spherical symmetry, the gravitational force is determined by (e.g. Moffat, 2006),
∇ΦMOG = (1+α−α (1+µ r)exp (−µ r))∇ΦN (5.1)
where α ≈ 8.89 and µ is an inverse scale length. The term (1+µ r)exp (µ r) is called a
“Yukawa-like" term which suppresses the additional force at small distances, thus MOG passes
solar system constraints(∇ΦMOG ≈ ∇ΦN when r). The parameter r << µ−1, which governs
this Yuwaka term, has been quoted to be different in different systems, most likely due to the
fact that in MOG it is a scalar field and the spherical approximation does not take this dynamical
nature into account. Firstly, it was assumed that µ > 1 kpc−1 and the case µ < 1 kpc−1 is
discussed in a later section. For galaxy clusters, assuming µ > 1 kpc−1, r > µ−1 hence the
approximate expression for the gravitational acceleration is,
∇ΦMOG ≈ (1+α)∇ΦN = Constant×∇ΦN . (5.2)
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5.2.2 How successful is MOG?
As in the case of MOND, when describing a universe without dark matter, a theory of gravity
must pass some basic observational tests. MOG has not been as thoroughly tested compared
to MOND, but it has enjoyed some success. For example, it has been shown to be consistent
with flat galaxy rotation curves (Moffat & Rahvar, 2013), galaxy cluster mass profiles (Moffat
& Rahvar, 2014) and dwarf spheroidals Zhoolideh Haghighi & Rahvar (2016). It has also
been claimed to be consistent with the bullet cluster (Brownstein & Moffat, 2007; Israel &
Moffat, 2016)3. The results which are presented in these works have been found by applying
the spherical MOG gravity law. Although promising, the fact that MOG has not been modelled
outside of spherical symmetry is an issue. The reason that it has not been extended to systems
outside of spherical symmetry is the complexity of the governing equations. It appears that
this conflicts with the previous remark about modelling the bullet cluster with MOG. When the
bullet cluster was modelled, the gas profile was assumed to be spherical. From this, the MOG-
predicted lensing map was determined by applying the modified acceleration equation to the
gas model and performing a lensing analysis. This convergence map was then subtracted from
convergence lensing data to find the residual. The residual was then argued to be consistent
with additional baryonic matter in the form of galaxies. The bullet cluster MOG model should
be re-analysed in more detail, relaxing the assumption of spherical symmetry. Although these
approximations allowed a non-spherical object to be modelled in MOG, the limitations of the
spherical MOG equation is an issue as it restricts the types of astrophysical objects which can
be reliably modelled.
5.3 A1689 - A modified gravity perspective
To introduce galaxy cluster A1689 in the context of modified gravity, this section briefly reviews
the works of N16 and M16.
Throughout the previous chapters and sections of this chapter, it has been shown that all
modified gravity calculations follow a similar methodology, mainly,
1. Define baryonic mass
2. Derive modified gravity equation
3The 2016 paper has not been accepted for publication at time of writing.
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3. Determine total predicted gravity under modified law
4. Compare modified gravity predicted result to inferred gravity from observation.
The gravitational paradigms which have been covered so far, mainly MOND, EMOND,
GMOND, MOG and EG all have a similar characteristic, mainly the baryonic mass is an input
to a function which determines the total gravity4. The functions used by the aforementioned
paradigms have a limit to the amount by which the Newtonian gravity is enhanced. For ex-
ample, in MOND, if the internal accelerations are very high, then the boost to the Newtonian
forces cannot be very significant. This argument was used by N16 to conclude that MOND and
EG gravity alone cannot explain the inferred mass of A1689, from lensing, without resorting
to neutrinos of any kind.
N16 also discussed MOG. The previous work of Brownstein & Moffat (2006) was men-
tioned where a sample of 106 clusters were modelled without dark matter in the context of
MOG. One of these clusters was A1689 with the result being positive for MOG. However, N16
criticised this modelling, stating that the best fit parameters for the gas contribution of the
cluster was at odds with observational constraints. Reviewing the model, it was speculated
that the central radii might be consistent with MOG, but there is still some tension at larger
radii.
It was for these reasons that N16 concluded that A1689 ruled out modifications to gravity
as the sole solution to galaxy clusters, or at least cluster A1689.
Very soon after this publication, the claim that MOG was insufficient to explain A1689 was
refuted by M16. In Moffat’s work, the same gas and galaxy profile used in N16 was applied
to the MOG formula, and the resulting acceleration profile was compared to a plot from N16,
which is shown in Fig 5.1.
Although there is some mismatch in shape and magnitude in the central regions of the clus-
ter, Moffat argued that the MOG predicted acceleration profile gives a reasonable resemblance
of the A1689 acceleration data plotted in N16. In the analysis of M16, the µ parameter is taken
to be less than 1 hence the suppression of the MOG force in the central regions of the cluster.
The implications of this will be discussed in later sections as µ > 1 is assumed for now. This
initial result had interesting implications for MOND as the cluster regime of GMOND is equiv-
4Although EMOND requires a boundary potential
113
Chapter 5. Galaxy Cluster A1689 and modified gravity
Figure 5.1: Acceleration plots from N16 (top panel) and M16 (bottom panel). Top panel: coloured
points with error bars are upper bound data points (see N16 for details), blue line is Newtonian gravity,
black dashed line is a Neutrino model and green dotted line is an NFW fit. Bottom panel: Again, points
with error bars are upper bound data, red line is MOG profile for µ = 0.125 kpc−1, green line is MOG
profile for µ = 0.042 kpc−1, blue line is Newtonian, cyan dashed-dot line is NFW fit from Lemze et al.
(2008), dotted line is NFW profile from Umetsu et al. (2015), purple dashed line is NFW profile from
Broadhurst et al. (2005) and blue solid line is the Newtonian profile. This plot shows that M16 is fitting
the upper bound data, which is not the true internal gravitational acceleration.
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alent to the cluster regime of MOG. Therefore, if MOG could explain A1689, then GMOND
should also be able to explain A1689. Furthermore, GMOND has no Yuwaka term thus cen-
tral radii suppression will not occur in the same way (GMOND relies on acceleration based
suppression like MOND where as MOG relies on radial scale supression of additional force).
It is possible to determine what value of A0(Φ) is required such that the EMOND paradigm
can also explain A1689 as well by using Eqn 3.33. Doing this, with the information of Fig
5.1, it was found that an A0(Φ) of approximately A0(Φ)≈ 900a0 was required, which is much
larger than what was found in Chapters 3 and 4. Therefore on initial inspection, EMOND was
ruled out.
However, A1689 has been extensively studied in the literature in ΛCDM and as a result,
best-fit NFW profiles have been constructed by using lensing data. The gravitational accelera-
tions of the best-fit NFW profiles from the literature are approximately 10−20a0 in the central
10 kpc (e.g Umetsu et al., 2015). This is at odds with Fig 5.1. It was then understood that the
acceleration data is not the gravitational acceleration predicted by lensing, but rather a hard
maximum.
Therefore, it was concluded that the MOG modelling of M16 was compared to the wrong
data set. Further to this, EMOND may not have been ruled out after all. Therefore it only
seemed appropriate to redo the modelling of A1689, comparing to the best-fit NFW profiles of
the literature rather than the acceleration data plotted in Fig 5.1.
5.4 Modelling A1689
In this section, the baryon model for A1689 which was used in N16 and M16 is described. Also
mentioned is the ΛCDM dark matter results from the literature.
5.4.1 Baryons
The A1689 baryon model used consists of a component to describe the galaxies in the cluster,
which dominates the central regions, and a gas component which is dominant at larger radii.
The galaxies were modelled by the density profile,
ρgal(r) =
Mcg(Rco + Rcg)
2pi2(r2 + R2co)(r2 + R2cg)
(5.3)
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and the gas was modelled by,
ne gas(r) = ne0 exp
 
kg − kg

1+
r2
R2g
1/(2ng )!
. (5.4)
The physical meaning of the parameters in Eqns 5.3 and 5.4 are: Mcg , the mass of the galaxies,
Rco, the core radius of the galaxies, Rcg , the radial extent of the galaxies, ne0, the central
electron number density, Rg , the radial extent of the gas and ng and kg , parameters which
control the shape of the gas profile.
As seen from Fig 5.1, there was a slight mis-match in shape between the MOG predicted
acceleration profile and the data points. This mis-match still holds if the Yukuwa term is
neglected and the total MOG gravity is just a constant enhancement of the Newtonian gravity.
This is because the data predicts that A1689 has an acceleration profile which is constant in
the centre. This is why the NFW profiles are a good match to data as the NFW density, in
the centre, is proportional to 1/r, hence a mass growth proportional to r2 or acceleration
proportional to r0 or constant. The galaxy profile described in Eqn 5.3 has a constant central
density profile, ρgal ∝ r0. This means the mass grows in proportion to r3, which translates
to a Newtonian acceleration proportional to r, which is in disagreement with the data.
To rectify this problem, the galaxy contribution was modelled with a Hernquist profile,
which has a 1/r density law for small radii, similar to the NFW profile. This has the desired
consequence that the baryon acceleration profile is constant in the centre. An NFW profile
could have been used to model the galaxies, but the Hernquist model matches the light profile
of elliptical galaxies. It was found that choosing a galaxy mass of 3×1013 M, which is similar
to the value used in N16 and M16, gave a reasonable representation of the data. The Hernquist
scale length was chosen to be 150 kpc, again similar to the galaxy scale length used in N16
and M16. For comparison, the galaxy profile of N16 (and M16) and the Hernquist model
adopted in this work is shown in Fig 5.2. This figure shows that the total mass is very similar
in both models, but the Hernquist model is less massive than the previous model for most of
the cluster radius. This value should in future be constrained by data, when that information
becomes readily available.
As mentioned, A1689 has been modelled many times in ΛCDM. In studies such as Sereno
et al. (2012, 2013); Umetsu et al. (2015), the gas profile of Nieuwenhuizen (2016) was not
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Figure 5.2: Plot showing the acceleration (top panel) and enclosed mass (bottom panel) profile for a
Hernquist galaxy model (blue) and the profile of Eqn 5.3 (red, dashed).
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Figure 5.3: Plot showing emission profiles following Eqn 5.4 (Red) and Eqn 5.5 (blue, dashed). Beyond
≈ 100 kpc the profiles are similar. Within ≈ 100 kpc the galaxies dominate the gas so any differences
associated with the choice of gas profile are expected to be small.
used but rather, a simplified version of the gas model of Vikhlinin et al. (2006), which was
used for the sample in Chapters 3 and 4, was chosen,
ne(r) = n0

1+

r
rc
2−3β/2
1+

r
rt
3−γ/3
. (5.5)
A comparison of emission profiles described by Eqns 5.4 and 5.5 is shown in Fig 5.3. The
profiles are very similar at radii § 100 kpc. Below this radius, the profile of Eqn 5.4 is slightly
higher. However, within 100 kpc, the galaxies dominate the gas so the effect of the exact shape
of the gas profile at small radii should not affect the result in a significant way. The modified
gravity analysis is shown for both gas profiles to be rigorous.
5.4.2 NFW Comparison
To get a feel for the success of the modified gravity theories, the predicted total gravitational
accelerations were compared to best-fit NFW profiles from the literature (Broadhurst et al.,
2005; Halkola et al., 2006; Umetsu & Broadhurst, 2008; Coe et al., 2010; Umetsu et al., 2015).
The NFW parameters from theses studies are shown in Table 5.1 for completeness5. The five
sets of NFW parameters have similar masses, but differing concentrations, producing similar,
but slightly different profiles.
5A similar table was shown in Umetsu et al. (2015).
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Table 5.1: Table of best fit NFW parameters from literature for cluster A1689. The value of h, the
rescaled Hubble constant, was taken to be 0.7.
Source M200 (10
15Mh−1) c200
Coe et al. (2010) 1.3 9.2
Broadhurst et al. (2005) 1.2 10.9
Halkola et al. (2006) 1.58 7.6
Umetsu et al. (2015) 1.3 10.1
Umetsu & Broadhurst (2008) 1.32 10.1
5.4.3 Modified Gravity Results
Defining the EMOND Boundary Potential
As seen in the previous chapters where EMOND was discussed, assuming the A0(Φ) parameters
are fixed, at this stage, the only free parameter is the boundary potential. Hopefully in the
future, this quantity can be determined from cosmology and large scale simulations. This
would require a very detailed baryon model at large radii and also a more developed EMOND
theory. Until such a time, the boundary potential can only be inferred empirically. The value
chosen at r200 for A1689 was Φ(r200) = −1.5× 1012m2s−2. This value is consistent with that
used for the Coma cluster. Remembering Chapter 4, the Coma cluster boundary potential used
was Φ(r200) = 2.5×1012m2s−2. Actually, Φ(r200) = 1.5×1012m2s−2 matched the NFW profile
better, but Φ(r200) = 2.5×1012m2s−2 gave a better result for the UDGs. A more detailed study
of the boundary potential and what values are allowed by the data needs to be conducted.
This would require a routine which simultaneously fits the gas profile and the total profile to
determine what the best fit is. Remember that if the gas mass can be reduced, the value of
A0(Φ) can be increased which may be preferred by UDGs.
GMOND Parameter Choice
The MOG paradigm, assuming that it works, was used to put constraints on the GMOND
parameters. Using this, the GMOND f should be equivalent to the MOG 1 + α , therefore
f ≈ 10. The only other assumption made was that the cluster is mostly in the so-called
cluster regime of Eqn 3.11. Imposing this constraint yields the inequality, A0  f 2∇ΦN . The
Hernquist galaxy model used has a central acceleration within 50 kpc of approximately 1.5a0.
Putting everything together, it was found that A0 had to be set such that A0  150a0. The
value chosen was A0 = 200a0.
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Acceleration plots
In this subsection, the acceleration plots are shown. Firstly, as a quick reminder, a summary
of the equations used is given,
∇Φ=

1
2
 ∇ΦN +p∇ΦNp4A0(Φ) +∇ΦN EMOND
∇ΦN + f∇ΦN GMOND clusters
(1+α)∇ΦN MOG clusters
∇ΦN +p∇ΦN av(r) EG
∇ΦN +∇ΦN FW Newtonian.
(5.6)
Eqn 5.6 was evaluated for each cluster using the galaxy and gas models for A1689 as previously
defined. These modified gravity-predicted acceleration profiles were then compared to the
best-fit NFW profiles from the literature.
In Fig 5.4 the result using the gas profile of Eqn 5.3 is shown. The dashed black lines are
the NFW dark matter profiles, the magenta line is the EMOND result, the blue line is GMOND,
the red line is MOG and the cyan line is EG. The first thing noticed was that EG did not predict
the correct acceleration profile and was out by a factor of 3 to 5 depending on radius and
which NFW profile EG was compared to. The EMOND, GMOND and MOG curves all seemed
to be consistent with the NFW profiles. The EMOND curve was slightly higher than the rest
above approximately 200 kpc, but most likely within observational and modelling errors.
The lack of knowledge on the exact mass profile of the galaxies contribution makes drawing
a solid conclusion difficult. What could be concluded, however, was that the Hernquist profile,
as expected, gave a profile of the correct shape. Determining whether it is also consistent with
observational constraints should be a priority for future investigation. However, currently good
constraints on this value are lacking.
In Fig 5.5 the result for the gas model of Eqn 5.5 is shown. As expected, the predicted
profile in the centre did not change much. The outer acceleration decreased slightly, and
brought the EMOND predicted profile closer to the NFWs.
To illustrate the EMOND result, the profile of A0(Φ) is shown also in Fig 5.6. The large
galaxy contribution, compared to the Coma cluster, pushed A0(Φ) to ≈ 70a0 in the central 50
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Figure 5.4: Plot showing the predicted acceleration profiles for EMOND (green), GMOND (blue), MOG
(red) and EG (cyan). This plot assumes A1689 to have a galaxy profile described by a Hernquist profile
of mass 3× 1013M and scale radius 100 kpc and a gas profile described by Eqn 5.4. 5 NFW profiles
from the literature are shown for comparison, see Table 5.1 (black dashed). This plot shows that the
EMOND, GMOND and MOG predictions are all consistent with the predicted ΛCDM profiles from the
literature, meaning that the A1689 lensing may be compatible with modified gravity, without dark
matter.
kpc.
For the GMOND result, by using MOG as a guide, A0 was chosen such that A1689 was
mostly in the GMOND cluster regime. For completeness, the result for different choices of
A0 is shown in Fig 5.7. In this figure, the blue band illustrates what happens to the GMOND
predicted acceleration profile when A0 is changed, where the lowest predicted acceleration
refers to the lowers value of A0. A range of A0 = 50−200 a0 was chosen. The first thing noticed
was that the acceleration profile, greater than approximately 200- 300 kpc, was independent
of the choice of A0. This is a result of the gravitational acceleration towards the edge of the
cluster being so small compared to A0/ f
2 for the Newtonian acceleration or A0/ f for the total
acceleration. Within 300 kpc, the accelerations are higher and the choice of A0 determines
whether GMOND predicts a transition to the MOND-like regime of Eqn 3.11. The spread of
the blue curve seems to mirror the kind of spread in the NFW profiles. The spread in NFW
profiles is caused by different NFW concentration parameters. Therefore it was concluded
that perhaps the GMOND A0 in clusters acts in a way analogous to an NFW concentration
parameter. Therefore the central regions of clusters could constrain A0 and the outer regions
of clusters could constrain f .
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Figure 5.5: Same as Fig 5.4 except using the gas profile of Eqn 5.5 rather than Eqn 5.4.
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Figure 5.6: Plot showing the value of A0(Φ) as a function of radius in the EMOND paradigm. The
EMOND parameter choices are as described in the text. This particular case is for the gas model of Eqn
5.5, but the gas model of 5.4 does not changes the result significantly.
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Figure 5.7: Plot of the acceleration profile for GMOND showing how raising the value of A0 from 50a0
to 200a0 changes the predicted acceleration profile (blue shaded region). Lowest bound refers to the
lowest value of A0. Again, this is compared to the NFW profiles (black dashed lines).
The Shortfall of Emergent Gravity
The slightly disappointing result from this case study was the conclusion that Emergent Gravity
could not explain this cluster (as suggested in N16), even with the modified galaxy profile. A
brief analysis on why that is should be discussed.
The EG acceleration law of Eqn 5.6 is essentially Newtonian gravity plus a MOND-like law
with a modified scale acceleration. Looking, for now, at the centre of A1689, the baryons are
described by the galaxy Hernquist profile. The EG boost to the scale acceleration has a simple
analytical solution for the Hernquist profile, av(r) = a0
 
1+ 2hr+h

. For radii much less than the
scale radius, at most, the scale acceleration can only be boosted by a factor of 3. Therefore,
this results in ∇ΦEG = p3p∇ΦN a0. In the centre of A1689, the gravitational acceleration
of the baryons is approximately 1.5 a0. Therefore, total acceleration in EG (∇ΦN +∇ΦEG) is
≈ 3.5a0. This is corroborated by Fig 5.4. Therefore a much steeper, more massive mass profile,
sufficient to boost the gravity by a factor of around 10 would be required to rectify EG with
observation. The amount of baryonic mass required by the EG paradigm can be calculated.
The Emergent Gravity equation was solved by inputting a baryonic mass profile. By making
the approximation that the inferred EG mass is equivalent to the NFW predicted masses for
A1689, then the EG equation is just a first order differential equation in MN (r). The initial
condition of MN (0) = 0 could then be implemented to solve the equation6. The result for this
6Due to numerical instabilities at r = 0, the actual integral starts slightly above r = 0. The result does not change
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Figure 5.8: Amount of Newtonian mass required assuming the EG paradigm and a total EG acceleration
matching A1689 NFW profiles from the literature (black lines). Blue dashed line with the Hernquist +
gas model baryon mass used in previous sections, included for comparison.
is shown in Fig 5.8. In this figure, the black lines are the EG required baryonic mass profiles
(one for each NFW profile) and the blue dashed line is the mass profile used composed of
the Hernquist galaxy and A1689 gas model(Eqn 5.4). It is clear that EG requires much more
baryons than is available. The conclusion is therefore that A1689 remains a challenge for EG.
Reintroducing the MOG Yukawa term
As mentioned, it was assumed that the MOG µ parameter was large, µ > 1 kpc−1. This
means that the MOG equation can be written as in Eqn 5.2. This was assumed to ensure the
MOG acceleration equation and the GMOND acceleration equation were of similar form. The
analysis of M16 uses two values7 for µ, µ = 0.042 kpc−1 and µ = 0.125 kpc−1. Therefore, to
be rigorous, as the values are < 1 kpc−1, the previously neglected term becomes important.
As the Yuwaka term suppresses the additional MOG force at small radii, the total gravity
is weaker. This means that in order to match the predicted NFW profile acceleration data,
more baryons are required when compared to MOG without the Yuwaka term. As the Yukawa
terms is a radial scale, it only becomes important below ≈ 100 kpc, depending on the exact
numerical choice of µ. This is the regime in which the galaxy mass dominates the gas mass.
This means that the result > 100 kpc is still valid, which is good as the gas profiles here are
well constrained.
the conclusion.
7Although in an earlier eprint, values of µ = 2.77 kpc−1 and µ = 0.36 kpc−1 were also used. The 2.77 value is in
accordance with neglecting the Yuwaka term.
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To get an idea of how much more baryons are required when the Yukawa term was intro-
duced, the MOG equation, Eqn 5.1 was rearranged for the Newtonian mass,
MN (r) =
r2∇ΦMOG
G (1+α−αexp (−µr) (1+µ)) . (5.7)
By making the approximation∇ΦMOG =∇ΦN FW , it was possible to determine what Newtonian
mass MOG would require in order to match the NFW acceleration predictions. The result is
shown in Fig 5.9. The black lines in Fig 5.9 represent the result using the five different NFW
profiles from the literature; the top panel for µ = 0.042 kpc−1 and the bottom panel for
µ = 0.125 kpc−1. For comparison the blue dashed line is the mass profile of the Hernquist
Model used in the previous sections . It is shown that the introduction of the Yukawa term
requires an additional order of magnitude of mass compared to the Hernquist profile. The
implications of this may be that knowledge of baryonic mass of galaxy clusters and the µMOG
parameter may be a good way to differentiate MOG and MOND-like theories.
5.4.4 Brief Conclusions
In this Chapter, it has been shown that EMOND, GMOND and MOG seem to be consistent with
the galaxy cluster A1689 without invoking any dark matter, which is in contrast with N16,
which states that dark matter in the form of neutrinos is required. The results shown here are
also in conflict with M16 as it is believed that the wrong acceleration data was used.
These conclusions are very dependent on the amount of baryonic mass of the galaxies
within the galaxy cluster and also the radial density profile of the galaxy component.
EG is still unable to explain the data due to the baryonic mass profile not being steep
enough/massive enough to boost the gravity.
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Figure 5.9: Amount of Newtonian mass required assuming the MOG paradigm and a total MOG
acceleration matching A1689 NFW profiles from the literature (black lines). Top panel assumes
µ = 0.042 kpc−1 and bottom panel assumes µ = 0.125 kpc−1. Blue dashed line with the Hernquist
baryon mass model used in previous sections, included for comparison.
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Superfluid Dark Matter in Galaxy Clusters
This Chapter discusses the results of Hodson et al. (2016), which is a collaboration with Hong-
sheng Zhao, Justin Khoury and Benoit Famaey. I modelled galaxy clusters in the context of
superfluid dark matter, which was first proposed in Berezhiani & Khoury (2015). My work
with galaxy clusters is the first astrophysical testing of the superfluid paradigm.
6.1 Superfluid dark matter
In the previous chapters, EMOND, GMOND and to some extent EG were discussed as solutions
to the missing mass problem in galaxy clusters within the MOND paradigm. It has been recog-
nised that the main issues of ΛCDM occur on the small scales with its success being prominent
in large scale structures, whereas MOND has success in the small scale but has trouble with
the large scale. In other words, MOND and ΛCDM have successes and shortfalls in oppo-
site regimes. What if it is possible to recreate dark matter effects on the large scale but have a
MOND-like force law on smaller scales? This was the question asked in the work of Berezhiani
& Khoury (2015, 2016), with a proposed solution being that dark matter may be a superfluid.
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This Chapter will discuss and review these works, outlining the theory and motivation. On top
of this, an application to a small sample of galaxy clusters will be demonstrated, discussing
whether superfluid dark matter is compatible with galaxy cluster data.
6.1.1 Superfluid dark matter: What it is, motivation and qualitative description
of the model
A superfluid is a substance which under certain conditions becomes non-viscous. Therefore, if
dark matter is a superfluid, it should behave differently in different environments. When the
dark matter changes from behaving ‘normally’ to behaving like a superfluid (or vice versa) this
is called a phase transition. Specifically, a phase transition is caused by a change in temperature
or a change in density (Berezhiani & Khoury, 2015, 2016). In high density or low temperature
regions, the dark matter would behave like a superfluid. In high temperature or low density
regions, the dark matter would behave like particle dark matter.
The reason that this is interesting is that galaxy clusters are typically hotter than galaxies,
hence the dark matter would behave like a superfluid in galaxies compared to galaxy clusters,
in which the dark matter would primarily be in the normal phase. If there were some mech-
anism which resulted in a MOND-like force when the dark matter is in its superfluid phase,
it might explain the observed success of MOND at small scales while being able to revert to a
paradigm closer to ΛCDM at larger scales.
To model a MOND-like force within the superfluid phase, it was proposed that there is
an additional “phonon-mediated” force. The superfluid can be thought of as a collection of
phonons, which are modelled via a scalar field. The principle of Berezhiani & Khoury (2015,
2016) is that the superfluid phonons are described by a MOND-like scalar field which is coupled
to matter. The force associated with this phonon-matter coupling gives rise to a MOND-like
gravity law when the dark matter is in its superfluid phase. On top of this phonon force, there
is the Newtonian gravity, sourced by the dark matter and baryonic matter density.
Summarising the model, the dark matter component can exist in two phases depending
on the environment. When the dark matter is in its superfluid phase an additional MOND-like
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Figure 6.1: Schematic of spherical object in the context of superfluid dark matter. The superfluid
core arises as a result of the higher density region of matter. The normal phase arises as a result of
the decreasing density. This mixing phase arises as some dark matter particles will have undergone a
phase transition to a superfluid state, but there will be some which remain in the normal phase. Sizes
of the normal phase, mixing phase and superfluid core will depend on the temperature and density of
the system.
force is present such that the total gravitational force is,
∇Φ=

∇Φb +∇ΦDM +∇Φph Superfluid Phase
∇Φb +∇ΦDM Normal Phase
(6.1)
where ∇Φb, ∇ΦDM and ∇Φph are the associated gravitational forces from the baryons, dark
matter and superfluid phonons respectively. A simplified schematic, shown in Fig 6.1, gives a
graphical description of what a spherical object might look like under this paradigm.
In this Chapter, only galaxy clusters will be examined. As galaxy clusters are known to
be objects with high internal accelerations, the phonon contribution was argued to be small
and was thus neglected (Hodson et al., 2016). This contribution was thought to be small as
it is governed with a MOND-like equation. Therefore as the gravitational acceleration in the
central region of the cluster is high, typically greater than a0, the MOND effect should be small.
Therefore, for simplicity, the phonon contribution to the model will not be outlined.
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6.2 The Superfluid Density Model
As the phonon force was neglected, the total gravity could be derived from the Poisson equa-
tion,
1
4piG
∇2Φ(~r) = ρ(~r) +ρb(~r) , (6.2)
where ρ(~r) and ρb(~r) are the dark and baryonic matter density respectively. Therefore, given
a dark matter density profile and a baryon distribution, the Poisson equation can be integrated,
assuming some boundary conditions.
It was assumed that the clusters obeyed spherical symmetry and hydrostatic equilibrium
such that,
dP(r)
dr
= −ρ(r)dΦ(r)
dr
. (6.3)
and
ρ(r) +ρb(r) =
1
4piGNr
d2(rΦ(r))
dr2
. (6.4)
To fully describe a system in this dark matter paradigm, there were several aspects which
required attention,
• Modelling the dark matter superfluid core profile
• Modelling the dark matter normal halo profile
• Combining the superfluid core and the normal phase halo
• Determining the virial radius of the system
• Making total mass the free parameter
Each of these are explained in detail in the next sections.
6.2.1 Superfluid core density
In Berezhiani & Khoury (2015) it was shown that the dark matter in its superfluid state obeyed
an equation of state (EoS) of the form,
Ps(r) =
ρs(r)3
12K2
; K ≡ Λc2m3
ħh3
, (6.5)
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where Ps(r) and ρs(r) are the superfluid pressure and density in the core, Λ is a mass scale, m
is the mass of the dark matter particle, ħh is the reduced planck mass (h/2pi) and c is the speed
of light1. It should be noted that under the approximation of a neglected phonon contribution,
the parameters Λ and m always appear in the combination Λm3. Therefore, a degeneracy be-
tween these two parameters occurs. This degeneracy is broken when the phonon contribution
is taken into account. However, as the phonon contribution was neglected, the exact individ-
ual parameter values were not considered vital. Studying galaxy rotation curves might shed
light on this problem.
By substituting the EoS into the equation for hydrostatic equilibrium, there exists a rela-
tionship between gravitational potential and superfluid density,
ρs(r)
4K2
dρs(r)
dr
= −dΦ(r)
dr
, (6.6)
which was easily solved giving,
ρs(r) = 2K
Æ−2Φ(r) . (6.7)
Using this result, the Poisson equation therefore became,
1
4piGNr2
 
r2Φ′(r)
′
= 2K
Æ−2Φ(r) +ρb(r) . (6.8)
Equation 6.8 was numerically solved for the gravitational potential by imposing boundary
conditions Φ(r = 0) = Φ0 and Φ′(r = 0) = 0 where Φ0 is a free parameter to be determined.
The superfluid density was then determined by substituting the solution back into Eqn 6.7.
6.2.2 Normal Phase dark matter profile
The previous section outlined how the superfluid dark matter profile was determined. The
next step was to define the normal phase component of the model.
Ideally, this would be done in a similar way to ΛCDM. In the ΛCDM model, the NFW
profile was determined to be a good description of the dark matter by analysing simulations
(Navarro et al., 1997). As the superfluid model is still in its infancy, with the theory to be
1In the original work of Berezhiani & Khoury (2015) Λ was an energy scale. Here, by adding in a factor of c2 Λ is
a mass scale Therefore the units of the Λm3 combination which appears throughout is eV 4/c8, where the factor
of c8 has been moved into the units for brevity.
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Figure 6.2: Adopted superfluid model used in Hodson et al. (2016), highlighting the core radius, Rc .
fully understood, this is not currently possible. Instead, it was assumed that the normal phase
could be modelled by similar profiles as used in the conventional paradigm. Two profiles were
examined, an isothermal profile and an NFW-like profile. Both are described below.
Is was also assumed, for simplicity, that the superfluid phase immediately transformed into
the normal fluid phase at some radius. In reality, as shown in Fig 6.1, a system would have a
dark matter profile consisting of a superfluid dominated core, followed by a so-called “mixing
phase” where there would be a mix of normal and superfluid phase components, surrounded
by a phase dominated by normal phase particles. This mixing phase was ignored for simplicity,
see Fig 6.2. Further study should be conducted to include this phase and how it affects the
dark matter profile. The transition from superfluid phase to normal phase, adopted by Hodson
et al. (2016), will be outlined in a proceeding section.
The first, and simplest, normal phase component which was tested was the isothermal
model. The isothermal normal phase was assumed to follow,
ρn(r) = ρc

Rc
r
2
(6.9)
where Rc is the radius of the superfluid core and ρc is the density at that radius. The isothermal
model had the advantage of being very easy to work with as it is a simple power law.
The second normal phase component which was tested was an NFW-like profile, taking
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the form,
ρn(r) = ρc
Rc
r

1+
r
rs
−2
1+
Rc
rs
2
. (6.10)
where ρc and Rc take the same meaning as in the isothermal case. Introducing this more
complex profile required an additional free parameter to be set, rs, which acts like an NFW
break radius. This component allowed the normal phase to have the limits ρn = ρc when
r = Rc, ρn∝ r−1 when r  rs and ρn∝ r−3 when r  rs, mimicking the ΛCDM NFW halo.
For simplicity, the parameter rs was determined to be some integer fraction of the virial radius,
rs = Rv/n.
6.2.3 Matching the two phases
After the superfluid and normal phases of the dark matter density were outlined, some way
of transitioning between the two had to be devised. In reality, there would be a statistical
probability that a dark matter particle would undergo a phase transition to superfluid phase,
with the probability increasing in high density or low temperature environments. This would
result in the aforementioned mixing phase. However, as this mixing phase was not included
in the model for simplification purposes, a different approach had to be taken.
As an approximation, the superfluid core radius was chosen to be the radius at which both
the dark matter density and pressure were continuous between the two phases, i.e, ρs(Rc) =
ρn(Rc) = ρc and Ps(Rc) = Pn(Rc).
From the EoS, the pressure of the superfluid phase was determined. The normal phase
pressure was determined by assuming hydrostatic equilibrium. The parameter which needed
to be calculated was therefore Rc . The procedure, developed in Hodson et al. (2016), is il-
lustrated below, using the isothermal halo as an example, though the same procedure can be
applied to the NFW-like halo.
Determining the enclosed mass
The first step in doing this was to derive an expression for the total mass of a given system,
which was done by integrating the density components. The expression for enclosed mass,
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outside the core radius was derived to be,
Mgrav(r) = Mc + Mn(r) + Mb(r)
= 4pi
∫ Rc
0
ρs(r
′)r ′2dr ′ + 4pi
∫ r
Rc
ρn(r
′)r ′2dr ′ + Mb(r)
= 8pi
p
2K
∫ Rc
0
Æ−Φ(r)r ′2dr ′ + 4piR2cρc [r − Rc]
+ Mb(r) ,
(6.11)
where Mc is the mass of the superfluid core (enclosed mass at r = Rc), Mn(r) is the enclosed
mass of the normal phase component, which is only present at radii r > Rc hence the limits
on the integral, and Mb(r) is the enclosed baryon mass. The above expression is not valid for
r < Rc and is only valid for an isothermal normal component. This expression is sufficient for
determining the pressure of the normal phase component at the boundary r = Rc .
Solving the Poisson Equation
The next step was to determine the superfluid density. As mentioned, this was done by solving
the Possion equation inside the core and calculating the density via Eqn 6.7. For this, a central
value for the potential was assumed. It should be noted that this result would change with the
inclusion of the phonon force, which would add some energy density into the system inside
the core.
Calculating the Core Radius
To determine the core radius, the imposed constraint of continuity of pressure was assumed.
This led to the equation,
ρ3c
12K2
=
∫ ∞
Rc
ρn(r)GNMgrav(r)
r2
dr = R2cρc
∫ ∞
Rc
GNMgrav(r)
r4
dr , (6.12)
where the left hand side of the equation is the pressure of the superfluid phase dark matter at
the core radius, derived from the EoS, and the right hand side is the pressure of the normal
phase component at this radius. Mgrav(r) is the total enclosed mass including both baryons
and dark matter, Eqn 6.11.
Equation 6.12 could not be solved for the core radius as there is another, undefined pa-
134
6.2. The Superfluid Density Model
rameter, ρc . In order to find Rc , ρc had to be written in terms of the core radius, ρc(Rc). This
involved enforcing the second constraint, being the continuity of density. From the previous
section, the Possion equation has been solved inside the superfluid core, for a given central
potential value. Therefore,
ρc = ρs(Rc) = 2K
Æ−2Φ(Rc) . (6.13)
Putting all the above ingredients together, Eqn 6.12 was able to be solved numerically to find
Rc . This then gave the radius at which the dark matter changed from being described as a
superfluid and became normal phase dark matter. It must be stressed that this is not physical
as the superfluid core should continue until the density of superfluid particles drops to zero.
However, due to the two phase approximation made (no mixing phase) the pressure balancing
approach for determining the core radius allowed a first test to be conducted. An interesting
follow up study might involve rigorously modelling a system under the superfluid paradigm
and comparing it to the pressure matching model described above.
Determining the virial radius
In the previous sections, an algorithm for determining the mass profile of an object, in the con-
text of superfluid dark matter was prescribed. This was done by solving a system of equations,
all beginning with choosing a central boundary potential for the system. The next issue which
required addressing was defining the extent of the dark matter halo as they are not assumed
to extend indefinitely.
As the entire point of the superfluid dark matter paradigm is to mimic the properties of
ΛCDM on the largest of scales, it seemed reasonable to adopt the conventional way of deter-
mining the radius of the dark matter halo radius, defining the edge of the halo as the virial
radius, Rv such that,
3M(Rv)
4piR3v
= 200ρcrit(zv) . (6.14)
where
ρcrit(zv) =
3H2(zv)
8piGN
. (6.15)
and zv is the redshift of the object. Equation 6.14 was then numerically solved for Rv where
that mass was derived from Eqn 6.11.
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Making Virial Mass the Free Parameter
Summarising the previous sections, the process for determining the dark matter density profile
was,
• Choose central potential, Φ0
• Solve Poisson equation within superfluid core,
• Determine pressure within and outwith the superfluid core
• Determine radius at which outside and inside pressure are equal
• Find density at this radius
• Determine virial mass by determining the virial radius
Assuming Λm3 is a global constant, the only free parameter, once the baryon distribution
was defined, was the central potential2. In ΛCDM, when haloes are described, the common
free parameters are the total mass and the concentration. Therefore, making the total mass
the free parameter would not only be more in line with the standard model, it would also be
more useful to make predictions.
This link was achieved using interpolation functions. The above procedure was conducted
for several values for the central potential, say {Φ01,Φ02...Φ0n}. From this an array of core
radii was constructed, {Rc01, Rc02...Rc0n}, along with core densities {ρc01,ρc02...ρc0n}, virial
radii {Rvir01, Rvir02...Rvir0n} and virial masses {Mvir01, Mvir02...Mvir0n}. It was then possible to
make plots of Φ0 vs Mvir, Rc vs Mvir, ρc vs Mvir, and Rvir vs Mvir. Then, interpolation procedures
were implemented to make continuous functions of virial mass as functions of core radius,
core density, central potential and virial radius. This allowed all quantities to be calculated
from the choice of virial mass.
Physical vs Model Core radius
One consequence of this method for determining the core radius is that Rc is smaller than the
physical core would be. The physical core radius would be the radius at which the superfluid
density becomes zero. Modelling this would require the mixing phase to be modelled which
2In the case where the NFW-like normal phase halo is imposed, a second free parameter, rs is required.
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was not possible without developing a much more complicated model, involving numerical
simulations of the superfluid model, hence why the pressure matching model was adopted.
This had a further consequence that the size of the core, which was calculated, was dependant
on the choice of normal phase profile.
6.3 A Dark Matter Only Example
The above procedure is quite convoluted and thus it seems helpful to show a simple example,
without baryons and with an isothermal normal phase.
6.3.1 Density and Pressure
Firstly, shown in Fig 6.3, are the constructed interpolation functions for the core radius, core
density, central potential and core mass. The dependence of parameters, for a fixed mass, on
the choice of Λm3 is then shown in Fig 6.4.
It is seen in Figs 6.3 and 6.4 that they all display power law relationships. These power
laws can be understood by analysing the equations analytically, invoking some approximations
(Hodson et al., 2016). This has been omitted for conciseness. From these scaling relations,
it was possible to deduce analytical expressions for the core radius, density, mass and central
potential,
Rc ≈ 36.2

Mvir
1015M
1/6 Λm3
10−3eV4/c8
−1/2
kpc , (6.16)
ρc ≈ 2.1× 10−21

Mvir
1015M
1/3 Λm3
10−3eV4/c8

kg m−3 , (6.17)
Mc ≈ 6.5× 1012

Mvir
1015M
5/6 Λm3
10−3eV4/c8
−1/2
M , (6.18)
Φ0 ≈ −1.3× 1012

Mvir
1015M
2/3
m2s−2 . (6.19)
Again, these are only valid for the dark matter only model with an isothermal normal phase.
From the interpolation functions, the full dark matter distribution was determined. An ex-
ample of a density profile for a 1015 M system is shown in Fig 6.5 (blue lines). The blue band
represents the results for different choices of Λm3, the blue circles represent the calculated
core radius for the respective models and the dashed line represents an NFW profile, with the
same mass and c200 = 4, shown for illustration. In this basic example, the normal phase simply
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Figure 6.3: Plots for the toy model of a dark matter only system. This highlights the way in which
the superfluid parameters depend on the choice of virial mass for a system which only includes dark
matter. It should be stressed that this result does not consider baryons. If baryons were to be included,
it would be expected that a slight decrease in core radius for the cluster would be seen. This difference
would be enhanced in galaxies. Top Left: Plot showing the core radius vs virial mass. Top Right: Plot
showing the density at the core radius vs virial mass. Bottom Left: Plot showing the central potential
vs virial mass. Bottom Right: Plot showing the superfluid core mass vs virial mass. The three lines in
each plot represent different choices of Λm3. Blue solid line has Λm3 = 0.1 × 10−3 eV4/c8, dotted red
line has Λm3 = 0.2 × 10−3 eV4/c8 and dashed black line has Λm3 = 0.3 × 10−3 eV4/c8.
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Figure 6.4: Plot showing how the core radius (top panel), density at core radius (middle panel) and
the core mass (bottom panel) vary with Λm3.
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Figure 6.5: Shows the DM only density profile for the superfluid dark matter only toy model with
Λm3 = 0.1− 0.3 × 10−3 eV4/c8 (blue shaded) and a c200 = 4 NFW comparison profile (dashed black
line) each with a virial mass of 1015M. Blue circles show the radii of the superfluid core for different
Λm3 choices (the upper line represents a choice of a larger Λm3, which results in a higher density and
smaller core radius). Inside the core, the density is approximately constant, outside the core the density
follows a strict isothermal 1/r2 power law. The inclusion of baryons in this model will not affect the
general features except to shrink the core radius slightly. The core radius can be increased by using a
smaller value of Λm3.
follows an isothermal model (ρ∝ r−2). It is also seen that within the core radius, the density
profile is approximately constant, compared to the cuspy NFW profile. This is a significant
difference between the two models. Also highlighted is the reduction of the core radius and
increasing core density with increasing Λm3. Figure 6.5 also shows that the density is continu-
ous, as desired. For completeness, the pressure profile is shown in Fig 6.6, which is also shown
to be continuous. However, also plotted in Fig 6.6 is the sound speed, c2s = dP/dρ. The sound
speed is shown not to be continuous as the radial derivative of the pressure and density are
not continuous. The fact that the sound speed is not continuous might have resulted from the
simplified two phase model implemented. An investigation into this was left for future study.
6.3.2 Choice of Normal Phase
As previously mentioned, due to the way in which the model was constructed, the choice
of normal phase component affected the size of the calculated core radius. In Fig 6.7, the
superfluid core density profile, calculated by solving the Poisson equation, is shown. The circle
represents the core radius determined via the pressure matching condition for the NFW-like
normal phase and the square is from the isothermal normal phase halo. This demonstrates that
the pressure matching model predicts a much smaller core radius than the physical core radius
(the point where the density hits zero). This should be improved upon in future modelling.
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Figure 6.6: Top panel: Plot of pressure vs density for a dark matter only model. It can be seen from
this that both the pressure and density are continuous, as per the phase transition requirements. At the
core radius (black circle) there is a jump in gradient due to the discontinuity in the equation of state at
the transition between the superfluid and normal phase of the dark matter. The core radius is located
very close to the rightmost part of the plot as the density is approximately constant within the core.
Bottom Panel: Plot showing the sound speed of the dark matter (c2s = dP/dρ). The jump at the core
radius (vertical line) results from the discontinuous equation of state at the boundary. This might be a
consequence of the simplified model of the phase transition. Addressing this issue is best left for future
work. Both panels have Λm3 = 0.3 × 10−3 eV4/c8
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Figure 6.7: Plot showing the density profile for a DM only system with central gravitational potential
Φ0 = −1012 m2s−2 and Λm3 = 0.3 × 10−3 eV4/c8. The square is the radius at which the tangential
pressure is matched and the point where the model would transition to the normal phase dark matter
(what was called Rc) for the isothermal case and the circle is for the NFW normal phase case (rs = Rv/4).
This plot is included to emphasise that the method truncates any superfluid effects at a much smaller
radius than the true radius of the superfluid matter. This is a feature of the simplified model and more
complex models will have to be constructed in future to fully understand the superfluid paradigm.
6.4 Application to galaxy clusters
6.4.1 Mass plots
After the basic model was outlined, the approach was applied to a sample of galaxy clusters.
The sample used was a sub-sample of four clusters from Vikhlinin et al. (2006), which was
used in Chapters 3 and 4. The reason for using a sub-sample was that the simple nature of the
model did not require many objects to draw the relevant conclusions. From Vikhlinin et al.
(2006), Two large clusters and two small clusters were chosen to ensure there was no obvious
differences between large clusters and small clusters. A larger sample should be used when
the model is expanded upon.
To model the clusters, the BCG for the sample was assumed to be a Hernquist profile with
mass 1.14×1012 M (Schmidt & Allen, 2007) and a scale length of 10 kpc. The reason 10 kpc
was chosen was that the work of Schmidt & Allen (2007) used a Jaffe density model of scale
radius 30 kpc. This is similar to a Hernquist profile of 10 kpc. The reason the Jaffe model was
not fully adopted was that it caused numerical issues within the code. In practice, the BCG
profile should be fitted and compared to data.
The results for the four clusters, A133, A262, A478 and A1413 are shown in Fig 6.8. In
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Figure 6.8: Enclosed mass profiles for the cluster sample. Red shaded regions are the ±20% values
of the dynamical mass calculated via Eq. 3.27. Blue shaded region is the mass profile of the SfDM
paradigm to highlight the Λm3 dependence (upper and lower bands represent a larger and smaller
choice of Λm3 respectively). Λm3 = (0.1− 0.3) × 10−3 eV4/c8 was chosen for this plot. Black dashed
line is the NFW profile as given in Vikhlinin et al. (2006). Blue circles show the superfluid core radii
for the larger and smaller choice of Λm3. It should also be noted that the best fit analytical gas and
temperature profiles did not force monotonically increasing dynamical masses. To account for this,
such non-physical features were not shown. Top left: A133 with virial mass 6 × 1014M, top right:
A262 with virial mass 2× 1014M, bottom left: A478 with virial mass 1.5× 1015M and botton right:
A1413 with virial mass 1.5× 1015M.
blue is the mass profile for the superfluid model with isothermal normal phase. The band is
showing the result for different choices of Λm3 (higher mass means higher Λm3 value), red
band is the dynamical mass, derived from hydrostatic equilibrium, showing ±20% of derived
value. The dashed black line is the NFW profile from Vikhlinin et al. (2006).
Figure 6.9 shows the same results as Fig 6.8 except with the NFW-normal phase profile. In
this Figure only one value of Λm3 was chosen, hence only one line is shown.
6.4.2 Discussion
From Figs 6.8 and 6.9, it was found that:
1. From looking at the predicted superfluid profiles, compared the ΛCDM best fits, the
isothermal profile does not match the data as well as the NFW-like normal phase
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Figure 6.9: Same as Fig. 6.8 for the NFW normal phase. Only the case of Λm3 = 0.3 × 10−3 eV4/c8
is shown. rs for each cluster is defined at Rv/n where n is 5, 6, 4 and 4 for clusters A133, A262, A468
and A1413 respectively. Outer halo fits are vastly improved compared to the isothermal model. The
smaller matching radius means that the cluster is described by the NFW normal phase for a lager radial
range. Central regions are still underestimated, which need to be investigated in further work.
2. The superfluid core, being almost constant, causes a slight underestimation of the mass
in the central regions
3. The calculated core radius is larger in the isothermal case, as expected
The first point is expected as in ΛCDM, NFW haloes are used to model clusters more than
isothermal profiles. This point should be rigorously checked when more complicated super-
fluid models are constructed.
The second point might be a cause for concern for the superfluid model. The core can be
made slightly cuspier by imposing a large baryonic mass in the centre. In order to ensure that
the value for the BCG mass is physical, the allowed parameter space should be constrained. If
the BCG mass is much less than the value used in this model, this problem will be exacerbated.
The third point was expected, however it should be reiterated that the physical superfluid
core radius will be larger than these values. This should be addressed in future models.
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6.5 Brief Conclusions
In this Chapter, a toy model of superfluid dark matter was applied to a small sample of galaxy
clusters. It was shown that there might be some inconsistencies in the central regions due
to the constant density core. This model will have to be drastically improved to draw more
concrete conclusions. Ways in which the model can be improved are,
• To include the phonon force (though this should not affect the results much).
• To include a mixing phase.
• To leave the BCG parameters as free, finding the best fit Λ and m values.
• To use rotation curves to constrain parameters.
These four points require more complicated modelling and equations, as well as a more
efficient fitting code, which should, in principle, be implementable.
A further test to pass would be gravitational lensing. Lensing data would be independent of
dynamical status of cluster gas. Therefore the sample size should also be increased, including
more clusters.
This is the first attempt at modelling galaxy clusters in the superfluid framework and sim-
plifications were made. This simplified approach allowed some insight into this new paradigm.
The results derived from the two phase model seem promising and warrant further develop-
ment and research.
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7
Conclusions
This thesis focussed on the field of modified gravity, specifically focussing on modified gravity
in galaxy clusters. The theories investigated were Modified Newtonian Dynamics (MOND),
Modified Gravity/Scalar-Tensor-Vector-Gravity (MOG/STVG), Emergent Gravity (EG), Super-
fluid dark matter, a generalised MOND framework (GMOND), Extended MOND (EMOND)
and Galileon cosmology. To conclude, each chapter will be briefly reviewed. After this, some
general comments on the future state of the field of modified gravity will be mentioned.
7.1 Chapter 2 - Two body problem in Galileon Gravity
In this Chapter, the Galileon theory was discussed and applied to a toy model consisting of
two bodies; a galaxy cluster with a small galaxy near the cluster edge. The total gravitational
field was determined, composed of Newtonian gravity and the scalar field fifth force. The
difference between the Galileon prediction and the Newtonian prediction was approximately
10% at the small galaxy’s virial radius. Although, at this stage, only a toy model was produced,
the Galileon equations were solved in a general way such that more complicated systems
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could be analysed. The initial goal was to determine the Roche radii of two-body systems
in Galileon gravity and to quantify the difference compared to the Newtonian prediction, but
time constraints did not permit this final piece of analysis. This is however achievable with
the current method for bodies of a high mass ratio. However, if the study were to be extended
to include objects of similar mass, then the boundary conditions would have to be altered.
7.2 Chapter 3 - MOND and Galaxy Clusters
In this Chapter, galaxy clusters in the context of MOND were discussed, focussing on the well-
known issue that MOND alone cannot account for the inferred total mass of the clusters. One
possible solution to this problem is that there is an, as yet, undetected mass component in
clusters. Another possible solution speculates that MOND is a limit of a more general gravity
law. Particular attention was paid to exploring the latter option. Specifically, the paradigm of
EMOND was analysed, which modifies the MOND framework in deep potential wells.
It was found by analysing a sample of 12 galaxy clusters that the EMOND inferred mass
was consistent with the expected mass, derived from hydrostatic equilibrium arguments. There
were some issues, but it was speculated that these could be attributed to the simplified model,
rather than a critical problem with the EMOND formalism.
The main conclusion in this Chapter was that the breaking down of MOND in deep potential
wells is a possible solution to the issues MOND has in galaxy clusters, though further tests are
needed.
7.3 Chapter 4 - Ultra Diffuse Galaxies in EMOND
This Chapter looked at UDGs in the context of EMOND. UDGs are objects with a low stellar
mass content with a large dark matter fraction. In MOND, an object which has a low internal
acceleration should experience a large dark matter-like effect as it is in the so-called deep-
MOND regime. The presence of an external field raises the total acceleration experienced by
the object, moving it closer to the Newtonian regime of the MOND force law. As the UDGs are
either within or close to galaxy clusters, they would experience a high external field. Therefore,
in MOND, these UDGs should not experience the observed dark matter-like effect.
However, MOND has already been shown to be inconsistent with galaxy clusters. In Chap-
ter 3, EMOND was shown to be a promising solution to this problem. The hope was that the
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mechanism which helped EMOND in clusters (the higher value of a0) would simultaneously
be able to explain the larger inferred mass of the UDGs.
It was found that if the UDGs obeyed a scaling relation called the Fundamental Manifold
(FM), which links effective radius, surface brightness and velocity dispersion, then EMOND
could explain the UDG mass. However, only one UDG from the sample has a measured velocity
dispersion, which was much higher than the FM predicted. When more UDG data is available,
this analysis can be redone to draw a stronger conclusion.
7.4 Chapter 5 - A1689 in Modified Gravity
In this Chapter, the galaxy cluster A1689 was analysed in EMOND, GMOND, MOG and EG to
determine whether the inferred mass profile could be explained without dark matter. This was
in response to some recent works into this problem (Nieuwenhuizen, 2016; Moffat & Zhoolideh
Haghighi, 2016). It was found that EMOND, MOG and GMOND were able to explain the mass
profile, but EG was not.
GMOND had never been analysed before this study and thus some speculation into the
theory parameters were made, specifically, the values of A0and f which are needed to fit
clusters.
The main conclusions from this Chapter were that regular MOND or EG could not ex-
plain this cluster without dark matter, but that does not rule out modified gravity completely.
EMOND, GMOND and MOG seemed to show promising results.
The next steps would be to analyse the cluster in more detail with a full error analysis and
perhaps looking beyond spherical symmetry.
7.5 Chapter 6 - Superfluid Dark Matter
In this Chapter, the idea of superfluid dark matter was discussed, applying the paradigm to
some galaxy clusters. Although the model was simplified, the purpose was to highlight poten-
tial issues of the theory and also to show how astrophysical calculations might be conducted
in a paradigm like this. This was the first real application of the theory since it was proposed.
The main outcome was that the theory implied a constant density dark matter core, in
contrast to the cuspy NFW haloes which are predicted by ΛCDM simulations. The cluster
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centre can be made cuspier by introducing a large BCG component, though allowed BCG mass
needs to be constrained by data, which is not yet possible.
7.6 Comparing Different Theories
Throughout this thesis, several types of modified frameworks have been tested within the
context of galaxy clusters. These should be compared with regards to their successes and
shortfalls.
First, Emergent Gravity seems to have several issues on both the galaxy and extra-galactic
scale. This is still a young theory which needs development. However, the current literature on
EG seems to indicate that the term involving the derivative of the baryonic mass is troublesome,
which this idea seems to rely on.
Extended MOND (EMOND) seems to be a promising avenue of research as it seems able
to explain the galaxy cluster mass profiles. The next steps in this paradigm will be to develop
the relativistic aspect and try to understand the boundary potential. Once the theory has been
further developed, the paradigm can be applied more rigorously to galaxy cluster data, with
full statistical tests conducted. Currently, EMOND has only undergone simple testing against
best-fit NFW profiles from the literature. Applying EMOND to lensing data would be a much
more reliable test, which would be possible after a relativistic formulation is developed.
The negative aspect of EMOND is the loss of symmetry in gravitational potential (i.e. Φ→
Φ+C is not invariant). This is a little unsatisfactory as it makes the paradigm more complicated.
The main complication is understanding the nature of how the non-linear regime matches on
to the cosmology, specifically how the boundary potential should be defined.
Generalised MOND (GMOND) seems to look promising, being able to recover MOND-like
behaviour in galaxies and reproduce cluster data. Currently, unlike EMOND, GMOND has
invariance under a shift in the scalar field, φ→ φ+C does not affect the result. The issue for
this theory is the lack of a dynamical mechanism for the free parameters. Introducing such a
mechanism will complicate this paradigm. Invoking this mechanism might require a breaking
of the aforementioned symmetry.
Modified Gravity (MOG) has some success on both galaxy and cluster scale. The big disad-
vantage of this paradigm is the complexity of the equations. The fact that a full 3D equation
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has not been developed in 10 years is not favourable. Furthermore, different systems are mod-
elled using different choices of µ, the inverse length scale which controls the MOG Yukawa-like
term. This requires some justification.
The superfluid paradigm operates in a similar manner as ΛCDM in galaxy clusters. This
field requires much more work on developing the models to account for the phonon force and
mixing phase, with the intention of modelling galaxies. The added complexity might be able
to account for some of the small scale issues which appear in ΛCDM. However, as it is based
on dark matter, the high velocity dwarf galaxies will still be an issue (Banik & Zhao, 2016).
Overall, currently, the most promising modified gravity theory (assuming no dark matter)
is most likely EMOND as it has a dynamical mechanism for the variation of the MOND scale
acceleration, which GMOND does not, and EMOND is much simpler than GMOND. However,
the issue of UDGs has to be resolved. The superfluid dark matter paradigm is also very promis-
ing, but required numerical simulations to fully understand the dark matter profile near the
core radius (mixing phase).
7.7 Outlook
In this section, possible avenues of research in the field of EMOND, superfluid dark matter and
Galileon gravity are given.
7.7.1 Superfluid Dark Matter
The Superfluid dark mattter paradigm must be tested against galaxy rotation curve data, in-
cluding the phonon force, if it is to progress. Research into this is currently being conducted
(e.g. Berezhiani et al. in prep).
Once this is done then larger scale simulations should be conducted to see if the structure
formation is similar to ΛCDM.
One of the main challenges is determining whether the constant density core is a funda-
mental issue for the theory. This would require detailed data analysis in the centre of galaxy
clusters (strong lensing) and an upper constraint of the BCG mass.
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7.7.2 Galileon Gravity
Like all dark energy motivated modifications to gravity, the main task is to try and differentiate
them from ΛCDM.
The next step in this research would be to start looking for scenarios where the fifth force
might be more active. These could include, but not limited to: Galaxy mergers and tidal tail
shapes, local group dynamics and the bullet cluster merger. To model these requires galaxy
and extra-galactic simulations to be conducted, which have not been yet done in the Galileon
paradigm.
7.7.3 EMOND
It has already been mentioned that EMOND requires a relativistic formalism to progress to test
lensing data and understand the boundary potential. This is just the next step with regards to
exploring and testing the EMOND algorithm.
Another test could be examining the properties of elliptical galaxies. Elliptical galaxies are
much larger than spirals and should therefore exist in a deeper potential well. This means that
the EMOND paradigm should make different predictions compared to that of regular MOND.
MOND has been shown to be consistent with some ellipticals. However, when MOND is used
to fit galaxies, a stellar mass-to-light ratio is a free parameter. EMOND should boost the gravity
compared to MOND which might suggest a smaller mass-to-light ratio is required. This should
be investigated.
Galaxies seem to follow the mass discrepancy acceleration relation (MDAR), which is a
relation between the observed “total” mass compared to the observed visible mass and the
gravitational acceleration. If EMOND is truly a force law which is valid on all scales, a “mass
discrepancy potential relation" might hold. This could be determined by plotting the ratio
of observed “total” mass compared to the MOND predicted mass against the gravitational
potential of the systems. The hope would be in low potential regions, this ratio is 1, which
increases in higher potential regions. This would build a strong case for EMOND.
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7.8 Final Thoughts
The main purpose of this thesis was to try and motivate the theoretical development of MOND
and MOND-like paradigms, with the hope of finding solutions to some outstanding problems.
The first steps in this have been taken, but there is still a long way to go. I think the work
conducted here opens up opportunities to study galaxy clusters in more detail. If more time
was available the first priority would be to expand on the work on EMOND as it seems the
most promising MOND-like solution to galaxy clusters (without any dark matter) in terms of
theory and simplicity. The main two areas which require attention are 1) physically motivating
the value of the boundary potential used in the calculations and 2) performing more advanced
data analysis on cluster data to refine the new EMOND parameters and to make quantifiable
comparisons to ΛCDM models. The first may require a reformulation of the EMOND model,
which I am currently working on with my supervisor. The latter requires the first issue to solved
first. The big picture would be to incorporate EMOND into large scale numerical simulations to
determine whether cosmology and/or galaxy cluster statistics can be improved upon compared
to MOND + neutrinos.
Looking beyond EMOND and EMOND-like theories and focussing on MOND generally
there seem to be some outstanding theoretical issues which, in my mind, require address-
ing. In the introduction to MOND, it was stated that it is when choosing the form of the
interpolation function requires MOND to pass both solar system and rotation curve data. This
is non-trivial with recent work showing that a lot of families of interpolation functions cannot
do this, though is it possible (Hees et al., 2016). Either understanding why the form of the
interpolation function is as empirically thought is pertinent to MOND’s success in both theory
and in convincing people of it’s validity. It is clear that this task is not trivial hence it has not
already been achieved. There are recent MOND models which do not use an interpolation
functions, but use Vainshtein screening terms to suppress the MOND effects in the solar sys-
tem (Babichev et al., 2011; Złos´nik & Skordis, 2017). This has not been tested against galaxy
data yet and should be explored. It would be very exciting if successful MOND models can be
constructed without an interpolation function.
The development of N-body MOND codes which are now available open up vast amounts
of opportunities to test modified gravity vs dark matter. Specifically, the dynamics of the local
group would be one of the best tests as it encompasses the position and dynamics of dwarf
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galaxies, as well as the larger Milky Way and Andromeda as well. Some of the most promi-
nent arguments for MOND over dark matter involve dwarf galaxies and small scale structure.
If numerical MOND studies can out perform dark matter models, it might generate interest
within the larger astronomical community.
In terms of superfluid dark matter, as mentioned, the main barrier is a full model which
can be used to model galaxies. This is unsurprising as it is a very new idea. If the full model,
when it becomes available, is able to fit galaxy data, this would be very exiting and would
warrant further testing of interactions and mergers etc. Listing all the opportunities to test
this paradigm would be endless as only galaxy clusters has been tested so far. It should be
known within the next few years if the current model is able to explain galaxies or whether
superfluid dark matter is not a viable model.
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An Alternate to EMOND
An alternative idea to EMOND was devised as a solution to the missing mass in galaxy clusters
as part of this thesis. This had some success in galaxy clusters, but had some theoretical issues,
which will be outlined. This was published in Hodson & Zhao (2017c). The idea proposed
here is entirely novel.
A.1 A Possible Alternative to EMOND?
A.1.1 An Empirical Approach
Although EMOND has had some success in explaining galaxy clusters, an interesting question
is to deduce whether it is possible to explain galaxy clusters without an environmental depen-
dence of a0, in other-words, keeping a0 a constant. This was investigated by looking at the
possibility that there might exist an additive term to the MOND formalism, which is significant
in galaxy clusters, but negligible in galaxies. To do this, Eqn 3.1 was rearranged such that
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Figure A.1: Plot showing the quantity B (Eqn A.1) vs. NFW gravitational potential for each cluster.
By approximating the total cluster gravity as that of the NFW halo, it is illustrated that any correction
term B to the regular MOND formula, while having a trend with the potential of each cluster, cannot
describe all clusters simultaneously.
every term was moved to one side,
B =
|∇ΦN |
|∇Φ| −µ
 |∇Φ|
a0

. (A.1)
In Eqn A.1, B can be thought of as a residual function. In galaxies, where MOND works well, it
would be expected that B would be zero everywhere. The idea was to test what this term would
be in galaxy clusters and to see if there was any trend with gravitational potential. Using similar
techniques as used when testing EMOND, the NFW profile was used as an approximation of
∇Φ≈∇ΦN FW and thus it was possible to evaluate the equation for B. The result of this, applied
to the sample of galaxy clusters described above, is shown in Fig A.1.
Fig A.1 shows aesthetically similar slopes for each cluster in the sample, however, there is
clearly no one function of gravitational potential which can explain all the lines. Despite this,
the similar slope which all the clusters shared was interesting and prompted more research. A
slight amendment to the MOND formula was tested, mainly,
B2 =
|∇ΦN |
|∇Φ| −µ
 |∇Φ|
a0
+
Φ
Φ0

. (A.2)
The additional term compared to Eqn A.1 was tested, experimenting with adding a Φ/Φ0 term
to the MOND interpolation argument. The result is shown in Fig A.2.
The addition of the potential term to the MOND argument made a slightly tighter trend
compared to the results from Eqn A.1. An interesting feature noticed was the fact that the
156
A.1. A Possible Alternative to EMOND?
12.0 12.2 12.4 12.6 12.8 13.0 13.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
Log 10(ΦNFW ) (m2s-2)
B
2
Figure A.2: Plot showing the value B2 (Eqn A.2) as a function of NFW gravitational potential for each
cluster (thin lines). Over-plot is a thin blue line that shows µ(Φ/Φ0) for Φ0 = −17000002 m2s−2.
Note all clusters lie fairly close to this line, with some discrepancy due to the adopted NFW profile not
representing the total potential. This B2 correction to MOND allows the MOND interpolation function
to run with the potential as well as the acceleration.
value of B2 for each cluster had a magnitude between 0 and 1, very similar to the behaviour
of the MOND interpolation function. Therefore the value of µ(Φ/Φ0) was over-plotted and
seemed to be of similar magnitude to the trend seen. Clearly, as the NFW profile was used to
determine this, the result would not be perfect. Assuming modelling limitations are the reason
for discrepancy, Fig A.2 implied a modified MOND equation of the form,
∇ΦN =

µ
 |∇Φ|
a0
+
Φ
Φ0

−µ

Φ
Φ0

∇Φ. (A.3)
This can then be solved given a boundary potential and a Newtonian acceleration profile. Eqn
A.3 was applied to the galaxy cluster sample and the inferred gravitational mass was compared
to the dynamical mass in the same manner as done in EMOND. These are shown in Figures
A.3 and A.4 with same colour scheme as Figs 3.6 and 3.7, where the blue region is now the
mass estimated from this new relation.
The new relation also has some success in explaining the masses on the galaxy cluster
sample but could be improved upon.
A.1.2 Ensuring consistency with rotation curves
As in the case of EMOND, any modification of the MOND framework must be checked against
rotation curves to ensure that regular MOND dynamics are preserved. To do this, the modified
interpolation function part of Eqn A.3 can be compared to the regular MOND interpolation
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Figure A.3: Same as Figure 3.6 except for the new relation (Eqn A.3), instead of EMOND.
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Figure A.4: Same as Figure 3.7 except for the new relation (Eqn A.3), instead of EMOND.
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Figure A.5: Plot showing how the MOND interpolation function and the interpolation function of the
new relation (Eqns A.4 and A.5) compare for a shallow potential object (Φ= Φex t) for different values
of acceleration. There is little variation between the two models, which is ideal for preserving galaxy
physics with this new relation.
function inside a galaxy. Mainly, make a plot of µNew/µMON D (Fig A.5) where
µNew =

µ
 |∇Φ|
a0
+
Φ
Φ0

−µ

Φ
Φ0

(A.4)
and
µMON D = µ
 |∇Φ|
a0

. (A.5)
For this plot, it was assumed that the potential was approximately equal to some external
potential, Φ ≈ 10−6c2 (Zhao & Famaey, 2012). Under these assumptions, the largest dif-
ferences between MOND and the new relation are in the low acceleration environments at
approximately 6%, which is most likely within observational and modelling errors.
The rotation curve for two galaxies is shown in Fig A.6 to highlight this. The EMOND
predicted rotation curve is also shown. It is clear that both the EMOND and the new relation
preserve MOND dynamics, under the assumption that the potential is shallow. This result
would be different if the galaxies were within or near, for example, a galaxy cluster, where the
external potential effect will be high.
A.1.3 Limitations of the new relation
The new relation used in the previous section was able to give reasonable estimates of the
galaxy cluster mass profiles and was also shown to preserve regular MOND in galaxies. How-
ever, it was noticed that the form of Eqn A.3 has some underlying theoretical issues. In a
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Figure A.6: Left plot showing the rotation curve of NGC4157. Blue points are the data with error bars,
the black dashed line is the regular MOND fit, the red line is the new relation, and the blue line is
EMOND. Right plot shows same result for galaxy M33. Data was adopted from Sanders (1996) and
Sanders & Verheijen (1998).
161
Appendix A. An Alternate to EMOND
situation where both the gravitational potential and gravitational acceleration are very high,
such as near stars or black holes, |∇Φ|a0 +
Φ
Φ0
 1 and ΦΦ0  1. Therefore, a situation arises in
which, 
µ
 |∇Φ|
a0
+
Φ
Φ0

−µ

Φ
Φ0

→ 1− 1→ 0. (A.6)
As a result of this,
∇Φ=∇ΦN/0→∞. (A.7)
In other words, the relation of Eqn A.3 predicts infinite gravity on the very small scale, around
the vicinity of concentrated massive objects such as stars and black holes. This problem arises
as a consequence having the difference of two interpolation functions appearing in the equa-
tion. Understanding this unfortunate anomaly was left for future research as EMOND was
made the primary focus. One possible solution might be to introduce a Galileon-like term to
screen the gravity in high density regions, such that solar system tests are passed, though the
practicality and feasibility of this is yet to be determined.
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Surface Brightness Conversion
This appendix shows where Eqn 4.7 arises from step by step, previously done in Graham &
Driver (2005).
B.1 Surface Brightness Conversion
In van Dokkum et al. (2015), the central surface brightness is given. The fundamental manifold
required the mean surface brightness at the effective radius. Converting the surface brightness
from the value at the centre of the UDG to the mean surface brightness at the effective radius is
a simple and standard calculation, that review here for completeness. For a full, more detailed
look at the calculation, the reader is referred to Graham & Driver (2005), where most of the
equations below come from. Light profiles are commonly modelled with a Se´rsic profile. In
terms of the surface brightness, I , the Se´rsic profile is
I(r) = Ie +
2.5bn
ln10

r
re
1/n
− 1

(B.1)
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where n in known as the Se´rsic index which describes the shape of the profile and bn is a
constant which is defined for each n. As van Dokkum et al. (2015) quotes the central surface
brightness and the FM requires the mean surface brightness at the effective radius, the first
step is to solve Eqn B.1 for Ie. All the UDGs in the sample have been modelled with a Se´rsic
index n = 1. The corresponding b1 value is ≈ 1.678. Therefore,
Ie ≈ I0 + 1.821. (B.2)
Next, the value has to be transformed into the average value at the effective radius. The
average intensity is defined to be,
〈Intensity〉|r=re ≡
∫ re
0
Intensity(r) 2 pi r dr
pir2e
. (B.3)
where the intensity can be transformed into surface brightness via I = 2.5 log10 (Intensity).
Solving Eqn B.3, and moving from intensity to surface brightness,
〈Ie〉= Ie − 2.5 log10

n exp(bn)
b2nn
Γ (2n)

. (B.4)
Inserting the numbers provides,
〈Ie〉= I0 + 1.821− 0.699. (B.5)
Currently, the mean surface brightness is in units of mags/arcsec2 which needs to be converted
to L/pc2. This is done via,
I(L/pc2) = exp

−
 
I(mags/arcsec2
−M − 21.572)
2.5

. (B.6)
where M is the solar magnitude in the given band. Therefore,
〈Ie〉(L/pc2) = exp

− I0 + 1.821− 0.699M − 21.572)
2.5

(B.7)
where I0 is in mags/arcsec2. This is the derivation of Eqn 4.7.
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